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Introdution
Finite size eets play an important role in modern statistial physis and quantum
eld theory. From a statistial point of view, it is known, that no phase transitions take
plae in a nite volume system, and the spei heat c(T ) that is divergent at the ritial
point in innite volume, beomes nite if the system has a nite size. Moreover, it is only
in an interval around the ritial temperature Tc that nite size eets are relevant. Away
from this interval, they are negligible beause it is only near Tc that the orrelation length
is omparable with the size of the system. An important fat is that the spei heat
and other ritial quantities have a saling behaviour as a response to varying the size L,
whih is xed by the ritial exponents of the innite volume system [1, 2℄.
Interesting phenomena our in quantum eld theories as well. The most prominent
example is the Casimir fore between two neutral marosopi bodies in vauum [3℄. This
fore an be determined from the volume dependene of the ground state energy, whih is
usually obtained by summing vauum utuations. The ruial point is that besides the
extensive bulk and boundary ontributions (whih are proportional to the volume of the
domain and the surfae of the boundaries, respetively) there are additional terms, whih
(in massive theories) deay exponentially with the distane of the boundary plates. In
analogy with the Casimir energy, masses of stable partiles also get exponentially small
orretions in a nite volume [4℄ and the two-body interation is also modied [5℄.
The knowledge of the properties of nite volume QFT is of entral importane in at
least two ways. On one hand, numerial approahes to QFT neessarily presume a nite
volume box, and in order to interpret the results orretly a reliable theoretial ontrol
of nite size orretions is needed. Consider for example lattie QCD, where in order to
approah the ontinuum limit the lattie spaing has to be adjusted as small as possible.
The number of lattie points is limited by the omputational resoures, therefore it is
typially not possible to hoose a volume L3, whih is large enough to neglet nite size
eets.
On the other hand, working in nite volume is not neessarily a disadvantage. On
the ontrary, the volume dependene of the spetrum an be exploited to obtain (innite
volume) physial quantities like the elasti sattering phase shifts [5, 6℄ or resonane
widths [7, 8℄.
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In this work we investigate nite size eets in 1+1 dimensional integrable eld the-
ories. The main subjets of interest are nite volume form fators (matrix elements of
loal operators on eigenstates of the nite volume Hamiltonian) and expetation values
and orrelation funtions at nite temperature.
1+1 dimensional integrable models attrated onsiderable interest over the past thirty
years. This interest is motivated by the fat that low dimensional integrable models rep-
resent nontrivial interating eld theories that are exatly solvable: numerous physial
quantities an be exatly alulated in these models. Phenomena qualitatively known in
higher dimensions, suh as universality, duality, et. an be quantitatively investigated in
1+1 dimensions.
There is also a seond motivation whih is of a more pratial nature. Several systems
of ondensed matter physis an be desribed by 1+1 dimensional eetive eld theories
that in many ases lead to integrable models. Some important examples are the Kondo
eet [9, 10℄, and the eet of impurities in transport proesses in general [11, 12, 13, 14℄,
behaviour of the edge states in the frational quantum Hall eet, problems onerning
spin hains, polymers, arbon nanotubes, et.
Besides the appliations mentioned above two dimensional eld theories also play a
entral role in string theory: they desribe the dynamis of the string on the world sheet.
In statistial physis, two dimensional ritial systems an be desribed by onformal
eld theories (CFT) whih are xed points of the renormalization group ow. In this
sense, o-ritial theories orrespond to perturbations of CFT's by some of their relevant
operators. O-ritial models do not possess the innite dimensional symmetry algebra of
the xed point CFT, in partiular sale invariane is lost. However, it was observed by A.
B. Zamolodhikov [15, 16, 17℄ that in ertain situations there remains an innite number
of onserved quantities. In this ase the resulting theory is still integrable and an be
desribed by a fatorized sattering theory. The integrals of motion restrit the possible
bound state struture and mass ratios in the theory. Assuming further the bootstrap
priniple, ie. that all bound states belong to the same set of asymptoti partiles, it is
possible to onstrut the S-matrix with only a nite number of physial poles.
Integrability an be exploited to gain information about the o-shell physis as well.
Applying the ideas of analyti S-matrix theory and the bootstrap priniple to form fators
one obtains a rather restritive set of equations whih they have to obey [18℄. These equa-
tions an be onsidered as axioms for the form fator bootstrap, and supplied with the
priniples of maximum analytiity and the luster property they ontain enough informa-
tion to determine the form fators ompletely [18, 19℄. One the form fators are known,
it is possible to onstrut orrelation funtions trough the spetral expansion, although
the expliit summation of the series is only possible in some simple ases [20, 21, 22℄.
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Integrability also oers powerful methods to explore the nite size properties of these
models. It is possible to obtain the exat Casimir energy by means of the Thermodynami
Bethe Ansatz (TBA), both with periodi boundary onditions [23℄ or in the presene of
non-trivial (integrable) boundary reetion fators [24℄. A great deal of information is
known about the exited state spetrum as well. Exat methods inlude the exited state
TBA [25, 26℄ and nonlinear integral equations derived from lattie regularizations [27, 28℄.
However, less is known about nite size orretions to o-shell quantities. By Eulidean
invariane orrelation funtions in a nite volume invariane orrespond to the evaluation
of thermal orrelations. These objets an be ompared diretly to experiments, and it is
not surprising that they attrated quite a lot of interest over the last deade [29, 30, 31, 32,
33, 34, 35, 36, 37, 38, 39, 40℄. One possible way to approah nite temperature orrelation
funtions is by establishing an appropriate spetral representation in nite volume. This
onstitutes the rst motivation for our work, beause nite volume form fators play a
entral role in this approah. Prior to our work only semilassial results were known
[41, 42℄ and also an exeptional exat result in the ase of a free theory [43, 44, 45℄.
Besides being a promising tool to obtain orrelation funtions, nite volume form
fators provide means to verify the bootstrap approah to form fators. The onnetion
between the sattering theory and the Lagrangian (or perturbed CFT) formulation is
rather indiret, however, it is generally believed, that the solutions of the bootstrap ax-
ioms orrespond to the loal operators of the eld theory. Evidene inludes a diret
omparison of the spae of the form fator solutions with the spae of primary operators
of the CFT [46, 47, 48℄; the evaluation of orrelation funtions both through the spetral
representation and from perturbation theory around the CFT [19, 49℄; the evaluation of
sum-rules like Zamolodhikov's -theorem [50℄ and the ∆-theorem [51℄, both of whih an
be used to express onformal data as spetral sums in terms of form fators. These tests
onern quantities whih are onstruted from various integrals over the form fators,
whereas the multi-partile matrix elements themselves have not been aessible. On the
other hand, nite volume form fators an be obtained numerially in the perturbed CFT
setting by means of the Trunated Conformal Spae Approah (TCSA), and establishing
the onnetion to innite volume form fators provides a way to diretly test the solutions
of the form fator bootstrap. This onstitutes the seond motivation for our work.
The rst part of this thesis (hapters 3, 4 and 5) is devoted to the study of nite volume
form fators in diagonal sattering theories. We show that these objets an be obtained
in terms of the innite volume form fators; in fat they are related by a proportionality
fator whih an be interpreted as a density of states of the nite volume spetrum.
To our best knowledge, the rst result on nite volume form fators in an interating
QFT was derived by Lellouh and Lüsher in [52℄, where they onsidered the nite size
dependene of kaon deay matrix elements. It was pointed out by Lin et.al. in [53℄ that
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the nal result of [52℄ an be explained simply by a non-trivial normalization of states in
nite volume; they also derived a formula for arbitrary two-partile matrix elements. Our
arguments are similar to the ones used in [53℄. However, in integrable models it is possible
to extend the alulations to arbitrary multi-partile states, beause the fatorized nature
of the S-matrix allows of an analyti desription of the whole nite size spetrum.
Having established the onnetion to innite volume form fators, we an diretly
aess the form fator funtions along ertain one-dimensional setions of the rapidity-
spae parameterized by the volume L. The hoie of the setion orresponds to whih
multi-partile states we pik from the nite volume spetrum and it is only limited by
the inreasing numerial inauray for higher lying states. This proedure provides a
non-trivial hek of our analytial alulations on nite volume form fators, and also a
diret test of the bootstrap approah to form fators, as explained above.
In the seond part of the work (hapter 6) we develop a method to evaluate orrelation
funtions at nite temperature: we introdue nite volume as a regulator of the otherwise
ill-dened Boltzmann sum. We develop a systemati low-temperature expansion using
nite volume form fators and show that the individual terms of this series have a well
dened L→∞ limit. In fat, they an be transformed into integral expressions over the
innite volume form fators.
There have been previous attempts to attak the problem of nite temperature or-
relations. LeClair and Mussardo proposed an expansion for the one-point and two-point
funtions in terms of form fators dressed by appropriate oupation number fators on-
taining the pseudo-energy funtion from the thermodynamial Bethe Ansatz [30℄. It was
argued by Saleur [31℄ that their proposal for the two-point funtion is inorret; on the
other hand, he gave a proof of the LeClair-Mussardo formula for one-point funtions pro-
vided the operator onsidered is the density of some loal onserved harge. In view of the
evidene it is now generally aepted that the onjeture made by LeClair and Mussardo
for the one-point funtions is orret; in ontrast, the ase of two-point funtions (and
also higher ones) is not yet fully understood. We ontribute to this issue by omparing the
low-temperature expansion obtained using nite volume form fators to the orresponding
terms in the LeClair-Mussardo proposal.
The thesis is organized as follows. In the next hapter we give a brief summary of
fatorized sattering theory and its onnetion to CFT, with a setion devoted to the nite
size properties of these models. Chapter 2 inludes our analyti alulations onerning
nite volume form fators, with two separate setions devoted to form fators inluding
disonneted piees. In hapter 3 we present our numerial studies: we test the analyti
results of the previous hapter using TCSA in the Lee-Yang model and the Ising model
in a magneti eld. In hapter 4 we study the leading exponential orretions (the µ-
term) to sattering states and form fators. Chapter 5 deals with the evaluation of a
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low-temperature expansion for orrelation funtions and also with the omparison of our
results to previous proposals. The last hapter ontains our onlusions.
The material presented in this thesis is based on the papers
• Balázs Pozsgay and Gábor Takás: Form fators in nite volume I: form fa-
tor bootstrap and trunated onformal spae Nul. Phys. B788 (2007) 167-208,
arxiv:0706.1445[hep-th℄
• Balázs Pozsgay and Gábor Takás: Form fators in nite volume II: disonneted
terms and nite temperature orrelators Nul. Phys. B788 (2007) 209-251,
arxiv:0706.3605[hep-th℄
• Balázs Pozsgay: Lüsher's mu-term and nite volume bootstrap priniple for satter-
ing states and form fators Nul.Phys.B802 (2008) 435-457, arxiv:0803.4445[hep-th℄
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Chapter 1
Integrable Models and Conformal Field
Theories
1.1 Exat S-matrix theories
In this setion we give a brief summary of the basi properties of fatorized sattering
theory. For an introdution to this eld see the review artile of Mussardo [54℄.
Let us onsider a massive sattering theory with n partile types Aa with masses ma.
One-partile states are denoted by |θ〉a, where θ is the rapidity variable. We apply the
following Lorentz-invariant normalization:
a〈θa|θb〉b = 2πδabδ(θa − θb)
Asymptoti states of the theory are dened as tensor produts of one-partile states
and are denoted by |θ1, θ2, . . . , θn〉a1a2...an . The ordering of the rapidities is dened as
• θ1 > · · · > θn for in states
• θ1 < · · · < θn for out states
1.1.1 Conserved harges and fatorization
In integrable models there are an innite number of onserved quantities, whih an
be represented on the quantum level as mutually ommuting operators Qs, whih at
diagonally on the one-partile states:
Qs|θ〉a = χsaesθ|θ〉a
The quantity χsa is the spin-s onserved harge of partile Aa. The spin represents the
behavior under Lorentz-transformations. The harges for s = 1 and s = −1 orrespond
to a linear ombination of the energy and momentum, therefore χ±1a = ma.
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The onserved harge operators are loal in the sense, that they at additively on
multi-partile asymptoti states:
Qs|θ1, θ2, . . . , θn〉a1a2...an =
( n∑
i=1
χsai
)
|θ1, θ2, . . . , θn〉a1a2...an
The onservation of all higher spin harges onstrains the S-matrix:
• All sattering proesses are elasti: the number of inoming and outgoing partiles
is the same.
• The set of onserved harges (inluding the energy and the momentum) is the same
for the in and out states.
• The S-matrix fatorizes: the amplitude for an arbitrary sattering proess an be
obtained by onseutive two-partile sattering proesses.
The basi objet is therefore the two-partile S-matrix, whih is dened for real ra-
pidities by
|θ1, θ2〉ab = Scdab(θ1 − θ2)|θ2, θ1〉cd
The fatorization property fores the S-matrix to obey the Yang-Baxter equations [55,
56, 57℄
Sc1c2a1a2(θ12)S
b1b3
c1c3 (θ13)S
b2c3
c2a3(θ23) = S
c1c3
a1a3(θ13)S
b1b2
c1c2 (θ12)S
c2b3
a3c3(θ23)
where the summation over the repeated indies is understood.
If there are no two partiles with the same set of onserved harges, the S-matrix is
diagonal:
Scdab(θ) = Sab(θ)δacδbd
In this ase the Yang-Baxter equations are automatially satised. In this work we only
onsider diagonal sattering theories.
The S-matrix an be analytially ontinued to the whole omplex plane and it satises
Sab(θ)S
∗
ab(θ) = 1 (1.1)
Sab(iπ − θ) = Sab¯(θ) (1.2)
due to unitarity and rossing symmetry, where Ab¯ is the harge-onjugate of Ab.
The unitarity ondition an be expressed as
Sab(θ)Sab(−θ) = 1 (1.3)
if one assumes real analytiity:
Sab(θ) = Sab(−θ∗) = S∗ab(−θ) (1.4)
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Equations (1.1),(1.3) and (1.4) are rather restritive and a general solution an be
written as
Sab(θ) =
∏
γ∈Gab
tγ(θ) (1.5)
with
tγ(θ) =
tanh 1
2
(θ + iπγ)
tanh 1
2
(θ − iπγ) =
sinh(θ) + i sin(πγ)
sinh(θ)− i sin(πγ)
and Gab ⊂ R is a nite set.
1.1.2 Bound states  The bootstrap priniple
The S-matrix (1.5) may ontain zeros and simple or multiple poles for purely imaginary
rapidities. In a onsistent theory, the interpretation for a simple pole is a formation of a
bound state.
1
If partile Ac appears to be a bound state of Aa and Ab, then one has
Resθ=iuc
ab
= i(Γcab)
2
(1.6)
with Γcab ∈ R and
m2c = m
2
a +m
2
b + 2mamb cos(u
c
ab)
The one-partile state |θ〉c may be identied with the formal two-partile state
|θ〉c ∼
∣∣θ − iu¯bac, θ + iu¯cab〉ab (1.7)
where the imaginary parts of the rapidities are determined by the onservation of energy
and momentum under the fusion proess (Fig. 1.1):
ma sin(u¯
b
ac) = mb sin(u¯
c
ab) ma cos(u¯
b
ac) +mb cos(u¯
c
ab) = mc
As a onsequene, one also has ucab = u¯
b
ac+ u¯
c
ab. For the higher spin onserved harges the
identiation (1.7) requires
χsc = χ
s
ae
−isu¯c
ab + χsbe
isu¯c
ab
(1.8)
Sattering proesses inluding Ac an be omputed due to the fatorization property of
the S-matrix as
Sdc(θ) = Sda(θ − iu¯bac)Sdb(θ + iu¯bac) (1.9)
Equations (1.8) and (1.9) represent strong restritions for the possible set of onserved
harges and the sets Gab desribing the sattering proesses. The solution of these equations
with a nite number of partiles is alled the bootstrap proedure.
1
Higher order poles in the S-matrix are spei to two dimensions and an be explained by the
Coleman-Thun mehanism[58, 59, 60℄.
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PSfrag replaements
Ac
Aa
Ab
A1
A2
A5
∼
u¯bac u¯abc
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(a) Fusion angles
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ma
mb
mc
(b) The mass triangle
Figure 1.1: Pitorial representation of partile fusions.
1.2 Integrable theories in nite volume
Let us onsider the theory dened in a nite box of size L. One of the most harater-
isti feature of a eld theory is the evolution of its disrete energy levels Ei(L), i = 1 . . .∞
as a funtion of the volume.
In quantum eld theories (inluding realisti 3+1 dimensional models) low-lying one-
partile and two-partile states [4, 5, 7℄ an be desribed to all orders in 1/L in terms of the
innite volume spetrum (partile types and masses) and the elasti sattering amplitudes
of the theory. In non-integrable theories higher lying energy levels are far more diult
to aess due to the ompliated struture of the S-matrix and only partial results are
available [61, 62, 63℄. On the other hand, the S-matrix of integrable models fatorizes and
there are no inelasti proesses present. These properties enable us to desribe the whole
nite volume spetrum to all orders in 1/L.
In this setion we briey desribe the main harateristis of the nite volume spetra
of diagonal sattering theories. We also introdue some notations whih will be used
throughout this work. We assume periodi boundary onditions for simpliity.
1.2.1 One-partile states
One-partile states of partile Aa in nite volume an be haraterized with the mo-
mentum pa, whih (due to the periodiity of the wave funtion) is onstrained to
pa = I
2π
L
I ∈ N
Therefore, the partile type and the momentum quantum number I (the Lorentz-spin)
uniquely determine the one-partile state in question. For onveniene we introdue the
notation
|{I}〉a,L
where the subsript L denotes, that this state is an eigenvetor of the nite volume
Hamiltonian.
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Figure 1.2: The diagram to the left (the µ-term) shows a partile splitting in two virtual,
on-shell partiles, traveling around the ylinder and reombining. The diagram to the right
(the F-term) shows a virtual partile going around the irumferene of the ylinder.
The energy is given to all orders in 1/L by the relativisti formula
E =
√
m2a + p
2
a (1.10)
There are additional orretion terms to (1.10), whih deay exponentially with the
volume. These terms an be attributed to virtual proesses whih are absent in innite
volume. M. Lüsher alulated the nite size mass orretions of stable partiles (energy
orretions for I = 0); they onsist of the so-alled µ-term and F-term [4℄ and are assoi-
ated to diagrams depited in gure 1.2. The expliit formulas for one dimensional diagonal
sattering theories read [64℄
∆m(µ)a = −
∑
b,c
θ(m2a − |m2b −m2c |)Mabc µabc (Γcab)2 e−µabcL (1.11)
∆m(F )a = −
∑
b
∫ ∞
−∞
dθ
2π
e−mbL cosh(θ)mb cosh(θ) (Sab(θ + iπ/2)− 1) (1.12)
where Mabc = 1 if Ac is a bound state of Aa and Ab and zero otherwise; µabc is the
altitude of the mass triangle with base ma (see gure 1.1) and (Γ
c
ab)
2
is the residue of
Sab(θ) orresponding to the formation of the bound state.
1.2.2 Many-partile states
The Bethe-Yang equations [65℄ serve as quantization onditions for a many-partile
state onsisting of n partiles Aik with rapidities θ˜k:
Qk(θ˜1, . . . , θ˜n)i1...in = mikL sinh θ˜k +
∑
l 6=k
δikil(θ˜k − θ˜l) = 2πIk , k = 1, . . . , n (1.13)
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where δij(θ) = −i log Sij(θ).
For eah set of partile types and momentum quantum numbers Ik there is a unique
solution of the equations above.
2
The energy of the many-partile state in question is
given to all orders in 1/L by the additive formula
E =
n∑
k=1
mik cosh(θ˜k) (1.14)
The eet of the interation between the partiles is the shift of the rapidities from the
values they would assume in a free theory.
Sine many-partile states are ompletely haraterized by the quantum numbers Ik, it
is onvenient to introdue the following impliit notation for a n-partile state onsisting
of partiles i1, i2, . . . , in with rapidities θ˜1, θ˜2, . . . , θ˜n:
|{I1, I2, . . . , In}〉i1i2,...in,L
where it is understood that θ˜1, θ˜2, . . . , θ˜n are solutions of the Bethe-equations with quan-
tum numbers I1, I2, . . . , In.
To have an unambiguous denition of the quantum numbers Ik, it is onvenient to
dene phase shift funtions δab whih are ontinuous and odd funtions of the rapidity
dierene θ; we ahieve this using the following onvention:
Sab(θ) = Sab(0)e
iδab(θ)
where δab is uniquely speied by ontinuity and the branh hoie
δab(0) = 0
and it is an odd funtion of θ due to the following property of the sattering amplitude:
Sab(θ)Sab(−θ) = 1
(whih also implies Sab(0) = ±1). For a generi omplex rapidity one has
δab(θ
∗) = δab(θ)
∗
Note, that with the onvention above the quantum numbers Ik an be both integer and
half-integer. Two partile states of the type AaAa have generally half-integer quantum
numbers, beause the partiles have fermioni statistis (Saa(0) = −1) in all known the-
ories
3
.
Similar to the one-partile energies, there are exponentially small nite size orretions
to (1.14). The µ-term assoiated to multi-partile energies is investigated in setion 4.2.
2
The solutions with two or more oiniding momenta for a given partile type do not orrespond to
eigenstates of the Hamiltonian due to Pauli priniple.
3
The only exeption is the free boson with S = 1
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1.3 Sattering theories as perturbed CFT's
Conformal Field Theories are two-dimensional Eulidean eld theories, whih possess
invariane under onformal transformations, inluding sale-invariane. In the spae of
all possible QFT's they represent xed points under the renormalization group ow. In
statistial physis, they desribe utuations of ritial systems in the ontinuum limit
[66℄. Conformal invariane highly onstrains the behavior of the orrelation funtions,
and even the operator ontent of the theory [67℄. In this setion we quote some basi
properties of CFT's and introdue two partiular models, whih will serve as a testing
ground for our results: the saling Lee-Yang model and the ritial Ising model. For a
general introdution to onformal eld theories see [68, 69℄.
Sale invariane onstrains the energy-momentum tensor Tµν(x, y) to be traeless.
Introduing omplex oordinates z = x+iy and z¯ = x−iy this ondition an be expressed
as Tzz¯ = Tz¯z = 0. Conservation of the energy-momentum tensor on the other hand requires
∂z¯Tzz = ∂zTz¯z¯ = 0, therefore it is possible to introdue the left- and right-moving (hiral
and anti-hiral) omponents T (z) ≡ Tzz(z) and T¯ (z¯) ≡ Tz¯z¯(z¯).
T (z) may be expanded into its Laurent-series around z = 0 as
T (z) =
∑
n∈N
z−n−2Ln
The operators Ln satisfy the Virasoro algebra:
[Ln, Lm] = (n−m)Ln+m + c
12
(n3 − n)δn+m,0
whih is a entral extension of the symmetry algebra of the lassial onformal group, c
being the entral harge of the theory.
The value of c inludes a great deal of information about the theory. It restrits the
possible representations of the Virasoro-algebra, therefore also the operator ontent and
the spetrum of the theory. The simplest theories are the minimal models [70℄, whih
ontain a nite number of primary elds and possess no additional symmetries. They an
be haraterized by two oprime integers p and q and the entral harge is given by
c = 1− 6(p− q)
2
pq
These theories are in addition unitary (there are no negative-norm states in the spetrum)
if q = p + 1.
1.3.1 CFT in a ylindrial geometry
A ylinder with spatial irumferene L an be mapped to the omplex plane by the
onformal transformation
z = exp
(2π
L
(τ − ix)
)
z¯ = exp
(2π
L
(τ + ix)
)
(1.15)
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where x and τ are the spatial and the imaginary time oordinates, respetively. The trans-
formation properties of the energy-momentum tensor determine the Hamilton-operator
(generator of translations in the time-diretion):
H =
∫ L
0
dx Tττ (x, τ = 0) =
2π
L
(
L0 + L¯0 − c
12
)
(1.16)
In minimal models the Hilbert-spae is given by
H =
⊕
h
Vh ⊗ V¯h (1.17)
where Vh (V¯h) denotes the irreduible representation of the left (right) Virasoro algebra
with highest weight h.
1.3.2 Perturbing CFT's
Conformal eld theories represent statistial physial or quantum systems at ritiality.
However, they an be also used to approah nonritial models.
Let us onsider a theory dened by the ation
A = ACFT +
∑
j
gj
∫
d2x Φj(x)
where ACFT is the ation of some CFT and Φj are its relevant operators
4
. This theory
is no longer onformal, the oupling onstants gj desribe the deviation from ritiality.
However, if there is only one perturbation present, whih only brakes a subset of the
onformal symmetries, the theory may still possess an innite number of onservation
laws, and it may remain integrable
5
[15, 16, 17, 73℄. Let us therefore onsider that the
theory dened by the ation
A = ACFT + g
∫
d2x Φ(x) (1.18)
is integrable. Sale-invariane is broken by the perturbation, the energy sale in the per-
turbed theory is set by g
1
2−∆Φ
, where ∆Φ is the saling dimension of the eld Φ. Depending
on the original CFT and the perturbing operator the ation (1.18) may dene a massive
4
In the sense of renormalization group ow, relevant operators desribe the departure from the ritial
system. The perturbation leaves the UV behaviour of the theory unhanged, ie. it is still governed by
the CFT. If the saling dimension of the operator is greater or equal to 1, a renormalization proedure
is required to properly dene the perturbed theory[71℄ On the other hand, perturbing with irrelevant
operators results in an ill-dened theory in the UV, with an innite number of ounter-terms ourring
during renormalization [72℄.
5
Perturbations with multiple ouplings are not expeted to lead to integrable theories. For a short
disussion see setion 2.3 in [54℄.
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[74℄ or a massless [75, 76℄ sattering theory. In this work we only onsider the massive
ase.
The question of whih perturbed CFT orresponds to whih sattering theory may
be answered by dierent methods. First of all, Zamolodhikov's ounting argument [15℄
provides a suient ondition for the existene of higher spin onservation laws. A seond
independent method is the Thermodynami Bethe Ansatz [23, 77, 78℄, whih provides
integral equations to determine the nite size dependene of the vauum energy in terms
of the S-matrix of the theory. It an be used to analytially predit the entral harge of
the CFT, the non-universal bulk vauum energy density, and also the saling dimension
of the perturbing eld.
A third method is the Trunated Conformal Spae Approah (see 1.3.5), whih an
be used to numerially determine the low-lying energy levels of the nite size spetrum.
Mathing the numerial data with the preditions of the Bethe-Yang equations (1.13) one
an identify multi-partile states and thus diretly test the phase shifts Sab(θ). For the
details of this proedure see setion 3.1.5.
1.3.3 The Lee-Yang model
The non-unitary minimal model M2,5 has entral harge c = −22/5 and a unique
nontrivial primary eld Φ with saling weights ∆ = ∆¯ = −1/5. The eld Φ is normalized
so that it has the following operator produt expansion:
Φ(z, z¯)Φ(0, 0) = C(zz¯)1/5Φ(0, 0) + (zz¯)2/5I+ . . . (1.19)
where I is the identity operator and the only nontrivial struture onstant is
C = 1.911312699 · · · × i
The Hilbert spae of the onformal model is given by
HLY =
⊕
h=0,−1/5
Vh ⊗ V¯h
where Vh (V¯h) denotes the irreduible representation of the left (right) Virasoro algebra
with highest weight h.
The o-ritial Lee-Yang model is dened by the Hamiltonian
HSLY = HCFT + iλ
∫ L
0
dxΦ(0, x) (1.20)
where HCFT is the onformal Hamiltonian. This theory is related to the Lee-Yang edge
singularity of the Ising model in an imaginary magneti eld [79, 80, 81℄. Despite its lak
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of unitarity, it is also relevant in ondensed matter physis: it is related to the theory of
non-interseting branhed polymers in 4 dimensions [82℄.
When λ > 0 the theory above has a single partile in its spetrum with mass m that
an be related to the oupling onstant as [23℄
λ = 0.09704845636 · · · ×m12/5 (1.21)
and the bulk energy density is given by
B = −
√
3
12
m2 (1.22)
The S-matrix reads [83℄
SLY (θ) =
sinh θ + i sin 2π
3
sinh θ − i sin 2π
3
(1.23)
and the partile ours as a bound state of itself at θ = 2πi/3 with the three-partile
oupling given by
Γ2 = −2
√
3
where the negative sign is due to the non-unitarity of the model. Aording to the on-
vention introdued in setion 1.2 we dene the phase-shift via the relation
SLY (θ) = −eiδ(θ) (1.24)
so that δ(0) = 0.
1.3.4 The Ising-model in a magneti eld
The ritial Ising model is the desribed by the unitary onformal eld theoryM3,4 with
c = 1/2 and has two nontrivial primary elds: the spin operator σ with ∆σ = ∆¯σ = 1/16
and the energy density ǫ with ∆ǫ = ∆¯ǫ = 1/2. The magneti perturbation
H = HI0 + h
∫ L
0
dxσ(0, x)
is massive (and its physis does not depend on the sign of the external magneti eld h).
The spetrum and the exat S matrix is desribed by the famous E8 fatorized sattering
1.3. SCATTERING THEORIES AS PERTURBED CFT'S 17
theory [84℄, whih ontains eight partiles Ai, i = 1, . . . , 8 with mass ratios given by
m2 = 2m1 cos
π
5
m3 = 2m1 cos
π
30
m4 = 2m2 cos
7π
30
m5 = 2m2 cos
2π
15
m6 = 2m2 cos
π
30
m7 = 2m4 cos
π
5
m8 = 2m5 cos
π
5
and the mass gap relation is [85℄
m1 = (4.40490857 . . . )|h|8/15
or
h = κhm
15/8
1 , κh = 0.06203236 . . . (1.25)
The bulk energy density is given by
B = −0.06172858982 · · · ×m21 (1.26)
We also quote the sattering phase shift of two A1 partiles:
S11(θ) =
{
1
15
}
θ
{
1
3
}
θ
{
2
5
}
θ
, {x}θ =
sinh θ + i sin πx
sinh θ − i sin πx (1.27)
All other amplitudes Sab are determined by the S matrix bootstrap [84℄; the only one we
need later is that of the A1 − A2 sattering, whih takes the form
S12(θ) =
{
1
5
}
θ
{
4
15
}
θ
{
2
5
}
θ
{
7
15
}
θ
Our interest in the Ising model is motivated by the fat that this is the simplest model
in whih form fators of an operator dierent from the perturbing one are known, and also
its spetrum and bootstrap struture is rather omplex, both of whih stands in ontrast
with the muh simpler ase of saling Lee-Yang model.
1.3.5 Finite size spetrum from Conformal Field Theory  the
Trunated Conformal Spae approah
Let us assume that the innite volume sattering theory orresponds to a perturbed
onformal theory dened by the ation
A = ACFT + g
∫
d2x Φ(x) (1.28)
18 CHAPTER 1. INTEGRABLE MODELS AND CONFORMAL FIELD THEORIES
If this onnetion is already established, one an use the onformal data to obtain the
nite size spetrum of the theory. The perturbed Hamiltonian is obtained by mapping the
ylinder with irumferene L to the omplex plane. Using the transformation properties
of the primary eld Φ(x) one has
H = HCFT + 2πg
(
2π
L
)∆Φ−1
Φ(0, 0) (1.29)
whereHCFT is the onformal Hamiltonian (1.16). Both the spetrumHCFT and the matrix
elements of Φ between its eigenstates an be alulated, therefore the omplete and exat
nite size spetrum an be obtained in priniple by diagonalizing (1.29) in the innite
dimensional Hilbert-spae (1.17).
Instead of the impossible task of diagonalizing an innite matrix Yurov and Zamolod-
hikov proposed the Trunated Conformal Spae Approah (TCSA) [86℄ as a numerial
approximation sheme. The method onsists of trunating the Hilbert-spae (1.17) to the
states whih have saling dimension (eigenvalue under L0+ L¯0) smaller than some thresh-
old ecut. In this nite Hilbert-spae the diagonalization proedure an be performed on a
omputer, and one obtains eigenvalues Ei(L, ecut), whih are approximations to the exat
energy levels Ei(L), and
lim
ecut→∞
Ei(L, ecut) = Ei(L)
The onvergene is faster for the low-lying states.
Besides being an eetive tool to obtain nite size quantities, TCSA an also serve as
a regulator of the UV divergenes of the vauum energy if ∆Φ ≥ 1.
In this work (hapter 3) we use TCSA to determine the nite volume form fators of
loal operators in the saling Lee-Yang and Ising models. The numerial data is then used
to onrm the analyti results of hapter 2. The details of the TCSA methods we used
are explained in setion 3.1.
Chapter 2
Finite Volume Form Fators  Analyti
results
In this hapter we determine the nite volume matrix elements in terms of the innite
volume form fators and the S-matrix of the theory.
In setion 2.1 we briey summarize the ingredients of the so-alled form fator boot-
strap program, whih leads to expliit solutions for the innite volume form fator fun-
tions. In setion 2.2 we present our results for nite volume form fators whih do not
inlude disonneted piees.
Disonneted terms our in the ase of diagonal form fators and matrix elements
inluding zero-momentum partiles. These two speial situations are disussed in setions
2.3 and 2.4, respetively.
2.1 The form fator bootstrap program
The (innite volume) form fators of a loal operator O(t, x) are dened as
FOmn(θ
′
1, . . . , θ
′
m|θ1, . . . , θn)j1...jm;i1...in = j1...jm〈θ
′
1, . . . , θ
′
m|O(0, 0)|θ1, . . . , θn〉i1...in (2.1)
In rst plae they are dened for real rapidities, however they an be analytially ontinued
to the whole omplex plane. The properties of the form fator funtions are explained in
detail in Smirnov's review [18℄.
With the help of the rossing relations
FOmn(θ
′
1, . . . , θ
′
m|θ1, . . . , θn)j1...jm;i1...in =
FOm−1n+1(θ
′
1, . . . , θ
′
m−1|θ
′
m + iπ, θ1, . . . , θn)j1...jm−1;jmi1...in
+
n∑
k=1
(
2πδjmikδ(θ
′
m − θk)
k−1∏
l=1
Silik(θl − θk)×
FOm−1n−1(θ
′
1, . . . , θ
′
m−1|θ1, . . . , θk−1, θk+1 . . . , θn)j1...jm−1;jmi1...ik−1ik+1...in
)
(2.2)
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all form fators an be expressed in terms of the elementary form fators
FOn (θ1, . . . , θn)i1...in = 〈0|O(0, 0)|θ1, . . . , θn〉i1...in
whih satisfy the following axioms [87℄:
I. Exhange:
FOn (θ1, . . . , θk, θk+1, . . . , θn)i1...ikik+1...in =
Sikik+1(θk − θk+1)FOn (θ1, . . . , θk+1, θk, . . . , θn)i1...ik+1ik...in (2.3)
II. Cyli permutation:
FOn (θ1 + 2iπ, θ2, . . . , θn) = F
O
n (θ2, . . . , θn, θ1) (2.4)
III. Kinematial singularity
− iRes
θ=θ′
FOn+2(θ + iπ, θ
′
, θ1, . . . , θn)i j i1...in =
(
1− δi j
n∏
k=1
Si ik(θ − θk)
)
FOn (θ1, . . . , θn)i1...in
(2.5)
IV. Dynamial singularity
− iRes
θ=θ′
FOn+2(θ+ iu¯
i
jk/2, θ
′ − iu¯jik/2, θ1, . . . , θn)i j i1...in = ΓkijFOn+1(θ, θ1, . . . , θn)k i1...in (2.6)
whenever k ours as the bound state of the partiles i and j.
The essene of the form fator bootstrap program is to obtain expliit analytial solu-
tion to the above set of reursive equations [87, 88, 19, 89℄. Axioms I-IV are supplemented
by the assumption of maximum analytiity (i.e. that the form fators are meromorphi
funtions whih only have the singularities presribed by the axioms) and possible further
onditions expressing properties of the partiular operator whose form fators are sought.
2.2 Finite volume form fators without disonneted
piees
2.2.1 Elementary form fators
Here we determine nite volume form fators of the form
〈0|O|{I1, I2, . . . , In}〉i1...in,L
by omparing the Eulidean two-point funtions of arbitrary loal operators
〈O(x¯)O′(0, 0)〉 and 〈O(x¯)O′(0, 0)〉L (2.7)
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dened in the innite volume theory, and in a nite but large volume L, respetively.
Given that one uses the same renormalization presriptions for the operators, the nite
size orretion to the orrelation funtion deays exponentially with L:
〈O(x¯)O′(0)〉 − 〈O(x¯)O′(0)〉L ∼ O(e−µL) (2.8)
where µ is some harateristi mass sale. In 2.2.3 we disuss this relation in detail; here
we only use the fat, that the nite size orretion deays faster than any power of 1/L.
Choosing x¯ = (τ, 0) and inserting a omplete set of states one obtains the spetral
representations
〈O(x¯)O′(0, 0)〉 =
∞∑
n=0
∑
i1...in
(
n∏
k=1
∫ ∞
−∞
dθk
2π
)
FOn (θ1, θ2, . . . , θn)i1...in ×
FO
′
n (θ1, θ2, . . . , θn)
+
i1...in
exp
(
−τ
n∑
k=1
mik cosh θk
)
(2.9)
and
〈O(τ, 0)O′(0, 0)〉L =
∞∑
n=0
∑
i1...in
∑
I1...In
〈0|O(0, 0)|{I1, I2, . . . , In}〉i1...in,L × (2.10)
i1...in〈{I1, I2, . . . , In}|O′(0, 0)|0〉L exp
(
−τ
n∑
k=1
mik cosh θ˜k
)
where we used multi-partile states and form fators of the innite volume and nite
volume theories, respetively, and in (2.10) it is understood that the rapidities θ˜k are
solutions of the Bethe-Yang equations
Qk(θ˜1, . . . , θ˜n)i1...in = mikL sinh θ˜k +
∑
l 6=k
δikil(θ˜k − θ˜l) = 2πIk , k = 1, . . . , n (2.11)
The seond form fator in (2.9) is dened as
FO
′
n (θ1, θ2, . . . , θn)
+
i1...in
= i1...in〈θ1, . . . , θn|O′(0, 0)|0〉 = FO
′
n (θ1+iπ, θ2+iπ, . . . , θn+iπ)i1...in
, whih is just the omplex onjugate of FO
′
n for unitary theories.
To relate the nite and innite volume form fators a further step is neessary, beause
the integrals in the spetral representation (2.9) must also be disretized. Let us onsider
this problem rst for the ase of free partiles:(
n∏
k=1
∫ ∞
−∞
dθk
2π
)
f(θ1, . . . , θn) =
(
n∏
k=1
∫ ∞
−∞
dpk
2πEk
)
f(p1, . . . , pn)
where
pk = mik sinh θk , Ek = mik cosh θk
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are the momenta and energies of the partiles. In nite volume
pk =
2πIk
L
and it is well-known (as a onsequene of the Poisson summation formula, f. [5℄) that
∑
I1,...In
g
(
2πI1
L
, . . . ,
2πIn
L
)
=
(
L
2π
)n( n∏
k=1
∫ ∞
−∞
dpk
)
g(p1, . . . , pn) +O(L
−N) (2.12)
provided the funtion g and its rst N derivatives are integrable. Realling that form
fators are analyti funtions for real momenta, in our ase this is true for derivatives of
any order, due to the exponential suppression fator in the spetral integrals, provided
the form fators grow at most polynomially in the momentum, i.e.
|Fn(θ1 + θ, θ2 + θ, . . . , θn + θ)| ∼ ex|θ| as |θ| → ∞
This is true if we only onsider operators whih have a power-like short distane singularity
in their two-point funtions [89℄:
〈0|O(x¯)O(0)|0〉 = 1
r2∆
Therefore the disrete sum diers from the ontinuum integral only by terms deaying
faster than any power in 1/L, i.e. by terms exponentially suppressed in L. Taking into
aount that (2.7) is valid for any pair O, O′ of saling elds, we obtain
〈0|O(0, 0)|{I1, . . . , In}〉i1...in,L =
1√
ρ
(0)
i1...in
(θ˜1, . . . , θ˜n)
FOn (θ˜1, . . . , θ˜n)i1...in +O(e
−µ′L)
(2.13)
where
sinh θ˜k =
2πIk
mikL
and
ρ
(0)
i1...in
(θ˜1, . . . , θ˜n) =
n∏
k=1
mikL cosh θ˜k (2.14)
ρ
(0)
n is nothing else than the Jaobi determinant orresponding to hanging from the
variables 2πIk to the rapidities θ˜k. The term O(e
−µ′L) signies that our onsiderations
are valid to all orders in 1/L, although our argument does not tell us the value of µ′: to
do that, we would need more information about the orretion term in the disretization
(2.12).
In the ase of interating partiles a more areful analysis is neessary. To generalize
(2.13) one has to employ the Jaobian of the mapping {I1, I2, . . . , In} → {θ1, θ2, . . . , θn}
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desribed by the Bethe-Yang equations. Therefore we dene
ρi1...in(θ1, . . . , θn) = detJ (n)(θ1, . . . , θn)i1...in (2.15)
J (n)kl (θ1, . . . , θn)i1...in =
∂Qk(θ1, . . . , θn)i1...in
∂θl
, k, l = 1, . . . , n
The nite volume form fators are then given by
〈0|O(0, 0)|{I1, . . . , In}〉i1...in,L =
1√
ρi1...in(θ˜1, . . . , θ˜n)
FOn (θ˜1, . . . , θ˜n)i1...in +O(e
−µ′L)
(2.16)
where θ˜k are the solutions of the Bethe-Yang equations (2.11) orresponding to the state
with the speied quantum numbers I1, . . . , In at the given volume L. Note, that the
Bethe-Yang equations are orret to all orders in 1/L, therefore there an be no error
terms in (2.16) analyti in 1/L. In subsetion 2.2.3 we onsider the error exponent µ′ in
detail.
The quantity ρi1...in(θ1, . . . , θn) is nothing else than the density of states in rapidity
spae. It is also worthwhile to mention that relation (2.16) an be interpreted as an
expression for the nite volume multi-partile state in terms of the orresponding innite
volume state as follows
|{I1, . . . , In}〉i1...in,L =
1√
ρi1...in(θ˜1, . . . , θ˜n)
|θ˜1, . . . , θ˜n〉i1...in (2.17)
This relation between the density and the normalization of states is a straightforward
appliation of the ideas put forward by Saleur in [31℄.
To get an idea of the struture of ρi1...in(θ1, . . . , θn) it is instrutive to onsider the
simplest ases. The quantization rule for the one-partile states is idential in the free and
interating ases, therefore
ρi(θ) = EiL with Ei = mi cosh(θ)
In the two-partile ase one has
J (2)(θ1, θ2)i1i2 =
(
E1L+ ϕi1i2(θ1 − θ2) −ϕi1i2(θ1 − θ2)
−ϕi1i2(θ1 − θ2) E2L+ ϕi1i2(θ1 − θ2)
)
where we used the symmetri funtion ϕi1i2(θ) = d/dθ δi1i2(θ) and E1,2 = mi1,2 cosh(θ1,2).
The two-partile density is therefore given by
ρi1i2(θ1, θ2) = E1E2L
2 + (E1 + E2)L ϕi1i2(θ1 − θ2)
The leading term in the expression above is simply the produt of two one-partile den-
sities, just like in the free ase. This is a general rule: the leading O(Ln) term in the
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n-partile density is given by the produt of one-partile densities. The eet of the inter-
ation is the appearane of sub-leading terms proportional to ϕi1i2(θ). These terms turn
out to be ruial in the alulations of thermal orrelations (see setion 5.2) and in diret
numerial tests of the form fators. The neessity of introduing the full densities (2.15)
was rst shown in [8℄ and it is demonstrated in great detail in setion 3.
Note, that there is no preferred way to order the rapidities on the irle, sine there
are no genuine asymptoti in/out partile ongurations. This means that in relation
(2.16) there is no preferred way to order the rapidities inside the innite volume form
fator funtion FOn . Dierent orderings are related by S-matrix fators aording to the
exhange axiom (2.3), whih are indeed phases. Suh phases do not ontribute to orre-
lation funtions (f. the spetral representation (2.9)), nor to any physially meaningful
quantity derived from them. In setion 3.2 we show that relations like (2.16) must always
be understood to hold only up to physially irrelevant phase fators.
We also remark, that there are no nite volume states for whih the quantum numbers
of any two of the partiles are idential. The reason is that
Sii(0) = −1
(with the exeption of free bosoni theories) and so the wave funtion orresponding to
the appropriate solution of the Bethe-Yang equations (2.11) vanishes. We an express this
in terms of form fators as follows:
〈0|O(0, 0)|{I1, I2, . . . , In}〉i1...in,L = 0
whenever Ik = Il and ik = il for some k and l. Using this onvention we an assume that
the summation in (2.10) runs over all possible values of the quantum numbers without
exlusions. Note that even in this ase the relation (2.16) an be maintained sine due to
the exhange axiom (2.3)
FOn (θ˜1, . . . , θ˜n)i1...in = 0
whenever θ˜k = θ˜l and ik = il for some k and l.
2.2.2 Generi form fators without disonneted piees
Using the rossing formula (2.2), eqn. (2.17) allows us to onstrut the general form
fator funtions (2.1) in nite volume as follows:
j1...jm〈{I ′1, . . . , I ′m}|O(0, 0)|{I1, . . . , In}〉i1...in,L =
FOm+n(θ˜
′
m + iπ, . . . , θ˜
′
1 + iπ, θ˜1, . . . , θ˜n)jm...j1i1...in√
ρi1...in(θ˜1, . . . , θ˜n)ρj1...jm(θ˜
′
1, . . . , θ˜
′
m)
+O(e−µL) (2.18)
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provided that there are no rapidities that are ommon between the left and the right states
i.e. the sets
{
θ˜1, . . . , θ˜n
}
and
{
θ˜′1, . . . , θ˜
′
m
}
are disjoint. The latter ondition is neessary
to eliminate disonneted piees. The rapidities entering (2.18) are determined by the
Bethe-Yang equations (1.13); due to the presene of the sattering terms ontaining the
phase shift funtions δ, equality of two quantum numbers Ik and I
′
l does not mean that
the two rapidities themselves are equal in nite volume L. It is easy to see that there are
only two ases when exat equality of some rapidities an our:
1. The two states are idential, i.e. n = m and
{j1 . . . jm} = {i1 . . . in}
{I ′1, . . . , I ′m} = {I1, . . . , In}
in whih ase all the rapidities are pairwise equal. The disussion of suh matrix
elements is presented in setion 2.3.
2. Both states are parity symmetri states in the spin zero setor, i.e.
{I1, . . . , In} ≡ {−In, . . . ,−I1}
{I ′1, . . . , I ′m} ≡ {−I ′m, . . . ,−I ′1}
and the partile speies labels are also ompatible with the symmetry, i.e. in+1−k = ik
and jm+1−k = jk. Furthermore, both states must ontain one (or possibly more, in
a theory with more than one speies) partile of quantum number 0, whose rapidity
is then exatly 0 for any value of the volume L due to the symmetri assignment of
quantum numbers. The disussion of suh matrix elements is presented in setion
2.4.
We stress that eqns. (2.16, 2.18) are exat to all orders of powers in 1/L; we refer to
the orretions non-analyti in 1/L (eventually deaying exponentially as indiated) as
residual nite size eets, following the terminology introdued in [8℄.
We would like to remark, that similar arguments that led us to (2.18) were previously
used to obtain the nite size dependene of kaon deay matrix elements by Lin et al. [53℄.
The idea of normalizing nite volume form fators with partile densities also appeared
in [90℄; however, they used the unsatisfatory free-theory densities.
2.2.3 Estimation of the residual nite size orretions
There are two soures of error terms whih may ontribute to (2.16):
• Finite size orretions to the orrelator 〈O(τ, 0)O′(0, 0)〉L.
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• Disretization errors introdued in (2.12).
Here we show, that both types of error terms behave as O(e−µL) where µ is some hara-
teristi mass sale of the theory.
One an use Lüsher's nite volume expansion introdued in [4℄ to study nite size
eets to the orrelator. Aording to Lüsher's lassiation of nite volume Feynman
graphs, the dierene between the nite and innite volume orrelation funtion is given
by ontributions from graphs of nontrivial gauge lass, i.e. graphs in whih some propa-
gator has a nonzero winding number around the ylinder. Suh graphs always arry an
exponential suppression fator in L, whose exponent an be determined by analyzing the
singularities of the propagators and vertex funtions entering the expressions. In a massive
theory, all suh singularities lie away from the real axis of the Mandelstam variables, and
the one with the smallest imaginary part determines µ. It turns out that the value of µ is
determined by the exat mass spetrum of the partiles and also the bound state fusions
between them [5, 64℄. Therefore it is universal, whih means that it is independent of the
orrelation funtion onsidered. In general µ ≤ m where m is the lightest partile mass
(the mass gap of the theory), beause there are always orretions in whih the lightest
partile loops around the nite volume L, and so the mass shell pole of the orresponding
exat propagator is always present. Contributions from suh partile loops to the vauum
expetation value are evaluated in subsetion 3.2 (for a graphial representation see gure
3.3), while an example of a nite volume orretion orresponding to a bound state fusion
(a so-alled µ-term) is disussed in subsetion 3.2.2 (gure 3.8). The µ-terms assoiated
to sattering states and form fators are analyzed in hapter 4.
The estimation
〈O(τ, 0)O′(0)〉 − 〈O(τ, 0)O′(0)〉L ∼ O(e−µL) (2.19)
is in fat a pessimisti one. Making use of the Eulidean invariane of the theory and
performing the rotation (τ, x) → (−x, τ), the nite-size eets in the relation above an
be obtained by alulating nite temperature orretions to the orrelations funtion with
the temperature given by T = 1/L. In setion 5.3 we onsider suh ontributions; they
are of order e−mL, ie. µ = m with m being the mass gap of the theory. The absene of
orretion terms with µ < m an also be explained by the fat, that it is impossible to
draw a relevant nite volume diagram (possibly inluding a partile fusion) whih would
arry the suppression fator e−µL.
Having disussed nite size eets to the the orrelator, we now prove that the dis-
retization proedure introdues error terms whih behave as e−µ
′L
, where in fat µ′ = µ.
Reall that the Poisson formula gives the disrete sum in terms of a Fourier transform:
the leading term is the Fourier transform of the summand evaluated at wave number 0
(i.e. the integral) and the orretions are determined by the deay of the Fourier transform
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at large wave numbers. The funtion we need to onsider is
h(p1, . . . , pn) =
∑
i1...in
ρi1...in(θ1, . . . , θn)
−1FOn (θ1, θ2, . . . , θn)i1...inF
O′
n (θ1, θ2, . . . , θn)
+
i1...in
×
exp
(
−r
n∑
k=1
mik cosh θk
)
(2.20)
where pk = mik sinh θk are the momentum variables. Due to the analytiity of the form
fators for real rapidities, this funtion is analyti for physial (real) momenta, and to-
gether with all of its derivatives deays more rapidly than any power at innity. Therefore
its Fourier transform taken in the momentum variables has the same asymptoti property,
i.e. it (and its derivatives) deay more rapidly than any power:
h˜(κ1, . . . , κn) ∼ e−µ′|κ|
for large κ. As a result, disretization introdues an error of order e−µ
′L
. The asymptoti
exponent µ′ of the Fourier transform an be generally determined by shifting the ontour
of the integral transform and is given by the position of the singularity losest to the real
momentum domain (this is essentially the proedure that Lüsher uses in [4℄). Singularities
of the form fators are given by the same analyti struture as that of the amplitudes
whih determine the exponent µ in eqn. (2.8). Thus we nd that µ′ = µ.
This argument is just an intuitive reasoning, although it an be made a little more
preise. First of all, we must examine whether the determinant ρi1...in(θ1, . . . , θn) an have
any zeros. It an always be written in the form
ρi1...in(θ1, . . . , θn) =
(
n∏
k=1
mikL cosh θk
)
(1 +O(1/L))
The leading fator an only be zero when θk =
iπ
2
for some k, whih orresponds to
pk = imk, giving µ
′ = mk in ase this is the losest singularity. That gives a orretion
e−mkL
whih is the same as the ontribution by an on-shell propagator wound around the nite
volume, and suh orretions are already inluded in the e−µL term of (2.8). Another possi-
bility is that some phase-shift funtion δ(θ) in the O(1/L) terms ontributes a large term,
whih balanes the 1/L pre-fator. For that its argument must be lose to a singularity,
and then aording to eqn. (1.6) we an write
δ(θ) ∼ log(θ − u) ∼ O(L)
where u is the position of the singularity in the phase-shift. This requires that the singu-
larity is approahed exponentially lose (as a funtion of the volume L), but the positions
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of all these singularities are again determined by singularities of the vertex funtions, so
this gives no new possibilities for the exponent µ′.
A further issue that an be easily heked is whether the Fourier integral is onvergent
for large momenta; the funtion (2.20) is ut o at the innities by the fator
n∏
k=1
exp(−mikr cosh θk)
whih an only go wrong if for some k
ℜe cosh θk < 0
but that requires
ℑm θk > π
2
whih is already farther from the real momentum domain then the position of the on-shell
propagator singularity.
2.2.4 Comparison with an exat result
As far as we know, the only exat result in the literature was obtained in [45℄ and
independently in [43, 44℄, where the authors onsidered the nite volume form fators of
the spin-eld operator σ in the Ising-model at zero external eld. Although the model in
question is a free theory (it an be desribed in terms of free massive Majorana fermions),
it is interesting to ompare the results with the general rule presented in the previous
subsetions. On one hand, this onrms our alulations. On the other hand, it might be
used in further work as a starting point to study sub-leading exponential orretions (for
the leading term, see setion 4.3).
The Hilbert spae of the theory onsists of two setors: the Neveu-Shwarz (NS) and
the Ramond (R) setors. The fermioni elds are antiperiodi or periodi, respetively,
leading to the quantization rule for the partile momenta
p = m sinh(θ) =
2π
L
k k ∈ N+ 1
2
(NS) (2.21)
p = m sinh(θ) =
2π
L
n n ∈ N (R) (2.22)
Multi-partile states are denoted by
|k1, . . . , kN〉
NS
and |n1, . . . , nN〉
R
for states of the NS and R setors, respetively. For simpliity we only onsider the T > Tc
phase of the theory, where spin-ip symmetry is unbroken. In this phase the allowed
exitations have an even number of partiles in both the NS and R setors.
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The spin operator has non-vanishing matrix elements only between states of dierent
setors. The result for a generi nite volume matrix element reads (eq. 2.12 in [45℄)
NS
〈k1, k2, · · · , kK |σ(0, 0)|n1, n2, · · · , nN〉R =
S(L)
K∏
j=1
g˜(θkj )
N∏
i=1
g(θni) FK,N(θk1 , · · · θkK |θn1, · · · , θnN ) , (2.23)
where θn (θk) stand for the nite-size rapidities related to the integers n (half-integers k)
by the equations (2.21)-(2.22). FK,N is the spin-eld form fator in innite-spae [88℄; the
expliit form of this funtion is not needed for the present purposes. The overall fator
S(L) is given by
S(L) = exp
{
(mL)2
2
∫∫ ∞
−∞
dθ1dθ2
(2π)2
sinh θ1 sinh θ2
sinh(mL cosh θ1) sinh(mL cosh θ2)
log
∣∣∣∣coth θ1 − θ22
∣∣∣∣
}
(2.24)
The momentum-dependent leg fators g and g˜ are
g(θ) = eκ(θ)/
√
mL cosh θ , g˜(θ) = e−κ(θ)/
√
mL cosh θ (2.25)
where
κ(θ) =
∫ ∞
−∞
dθ′
2π
1
cosh(θ − θ′) log
(
1− e−mL cosh θ′
1 + e−mL cosh θ′
)
(2.26)
It is straightforward to show, that the exat result (2.23) oinides with our formula
(2.18) to all orders in 1/L; the error terms are of order e−mL. First of all, the normalization
fator S(L) does not depend on the form fator in question and for large L its behaviour
is given by
S(L) ≈ 1 +O(e−2mL)
The funtion κ(θ) deays exponentially with L, therefore one has
g(θ) =
1√
ρ1(θ)
+O(e−mL) g˜(θ) =
1√
ρ1(θ)
+O(e−mL)
where ρ1(θ) = EL = m cosh(θ)L is the one-partile density derived from eqs. (2.21)-
(2.22). Being a free theory, the produts of one-partile densities equals the multi-partile
densities entering (2.18) and one has indeed
NS
〈k1, k2, · · · , kK |σ(0, 0)|n1, n2, · · · , nN〉R
=
FK,N(θk1 , · · · θkK |θn1 , · · · , θnN )√
ρK(θk1 , · · · θkK )ρN (θn1 , · · · , θnN )
+O(e−mL)
It was shown in 2.2.3 the leading orretion term to (2.18) is at most of order e−µL
where µ ≤ m with m being the mass of the lightest partile. In hapter 4 we show that
the leading term (the µ-term) is onneted with the inner struture of the partiles under
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the bootstrap proedure. In fat, in most theories µ < m, whereas in the present ase
the leading exponential orretion is only of order e−mL. The reason for this is simple:
the model in question is a free theory, there are no partile fusions. Therefore in this ase
there is no µ-term present.
2.3 Diagonal matrix elements
In this setion we onsider diagonal matrix elements of the form
i1...in〈{I1 . . . In}|Ψ|{I1 . . . In}〉i1...in,L
First we derive the rst two (n = 1 and n = 2) ases using form fator perturbation
theory [91℄. Built on these rigorous results we onjeture the general formula in 2.3.2.
Two additional subsetions are devoted to the disussion of our results. In 2.3.3 we
examine the onnetion between two evaluation methods of the innite volume diagonal
form fators. In 2.3.4 we prove that a onjeture made by Saleur in [31℄ exatly oinides
with ours.
2.3.1 Form fator perturbation theory and disonneted ontri-
butions
In the framework of onformal perturbation theory, we onsider a model with the
ation
A(µ, λ) = ACFT − µ
∫
dtdxΦ(t, x)− λ
∫
dtdxΨ(t, x) (2.27)
suh that in the absene of the oupling λ, the model dened by the ation A(µ, λ = 0) is
integrable. The two perturbing elds are taken as saling elds of the ultraviolet limiting
onformal eld theory, with left/right onformal weights hΦ = h¯Φ < 1 and hΨ = h¯Ψ < 1,
i.e. they are relevant and have zero onformal spin, resulting in a Lorentz-invariant eld
theory.
The integrable limit A(µ, λ = 0) is supposed to dene a massive spetrum, with
the sale set by the dimensionful oupling µ. The exat spetrum in this ase onsists of
massive partiles, forming a fatorized sattering theory with known S matrix amplitudes,
and haraterized by a mass sale M (whih we take as the mass of the fundamental
partile generating the bootstrap), whih is related to the oupling µ via the mass gap
relation
µ = κM2−2hΦ
where κ is a (non-perturbative) dimensionless onstant.
Swithing on a seond independent oupling λ in general spoils integrability, deforms
the mass spetrum and the S matrix, and in partiular allows deay of the partiles whih
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are stable at the integrable point. One way to approah the dynamis of the model is the
form fator perturbation theory proposed in [91℄. Let us denote the form fators of the
operator Ψ in the λ = 0 theory by
FΨn (θ1, . . . , θn)i1...in = 〈0|Ψ(0, 0)|θ1 . . . θn〉λ=0i1...in
Using perturbation theory to rst order in λ, the following quantities an be alulated
[91℄:
1. The vauum energy density is shifted by an amount
δEvac = λ 〈0|Ψ |0〉λ=0 . (2.28)
2. The mass (squared) matrix M2ab gets a orretion
δM2ab = 2λF
Ψ
2 (iπ , 0)ab¯ δma,mb (2.29)
(where the bar denotes the antipartile) supposing that the original mass matrix
was diagonal and of the form M2ab = m
2
aδab .
3. The sattering amplitude for the four partile proess a+ b → c+ d is modied by
δScdab (θ, λ) = −iλ
FΨ4 (iπ, θ + iπ, 0, θ)c¯d¯ab
mamb sinh θ
, θ = θa − θb . (2.30)
It is important to stress that the form fator amplitude in the above expression must
be dened as the so-alled symmetri evaluation
lim
ǫ→0
FΨ4 (iπ + ǫ, θ + iπ + ǫ, 0, θ)c¯d¯ab
(see eqn. (2.35) below). It is also neessary to keep in mind that eqn. (2.30) gives
the variation of the sattering phase when the enter-of-mass energy (or, the Man-
delstam variable s) is kept xed [91℄. Therefore, in terms of rapidity variables, this
variation orresponds to the following:
δScdab (θ, λ) =
∂Scdab (θ, λ = 0)
∂θ
δθ + λ
∂Scdab (θ, λ)
∂λ
∣∣∣∣
λ=0
where
δθ = −maδma +maδma + (mbδma +maδmb) cosh θ
mamb sinh θ
is the shift of the rapidity variable indued by the mass orretions given by eqn.
(2.29).
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It is also possible to alulate the (partial) deay width of partiles [92℄, but we do not
need it here.
We an use the above results to alulate diagonal matrix elements involving one
partile. For simpliity we present the derivation for a theory with a single partile speies.
Let us start with the one-partile ase. The variation of the energy of a stationary one-
partile state with respet to the vauum (i.e. the nite volume partile mass) an be
expressed as the dierene between the rst order perturbative results for the one-partile
and vauum states in volume L:
∆m(L) = λL (〈{0}|Ψ|{0}〉L − 〈0|Ψ|0〉L) (2.31)
On the other hand, using Lüsher's results [5℄ it only diers from the innite volume mass
in terms exponentially falling with L. Using eqn. (2.29)
∆m(L) =
λ
m
FΨ(iπ, 0) +O
(
e−µL
)
Similarly, the vauum expetation value reeives only orretions falling o exponentially
with L. Therefore we obtain
〈{0}|Ψ|{0}〉L = 1
mL
(
FΨ(iπ, 0) +mL〈0|Ψ|0〉)+ . . .
with the ellipsis denoting residual nite size orretions. Note that the fatormL is just the
one-partile Bethe-Yang Jaobian ρ1(θ) = mL cosh θ evaluated for a stationary partile
θ = 0.
We an extend the above result to moving partiles in the following way. Up to residual
nite size orretions, the one-partile energy is given by
E(L) =
√
m2 + p2
with
p =
2πI
L
where I is the Lorentz spin (whih is idential to the partile momentum quantum num-
ber). Therefore
E∆E = m∆m
whereas perturbation theory gives:
∆E = λL (〈{I}|Ψ|{I}〉L − 〈0|Ψ|0〉L)
and so we obtain
〈{I}|Ψ|{I}〉L = 1
ρ1(θ˜)
(
FΨ(iπ, 0) + ρ1(θ˜)〈0|Ψ|0〉
)
+ . . . (2.32)
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where
sinh θ˜ =
2πI
mL
⇒ ρ1(θ˜) =
√
m2L2 + 4π2I2
One an use a similar argument to evaluate diagonal two-partile matrix elements in
nite volume. The energy levels an be alulated from the relevant Bethe-Yang equations
mi1L sinh θ˜1 + δ(θ˜1 − θ˜2) = 2πI1
mi2L sinh θ˜2 + δ(θ˜2 − θ˜1) = 2πI2
and (up to residual nite size orretions)
E2(L) = E2pt(L)− E0(L) = mi1 cosh θ˜1 +mi2 cosh θ˜2
where i1 and i2 label the partile speies. After a somewhat tedious, but elementary
alulation the variation of this energy dierene with respet to λ an be determined,
using (2.29) and (2.30):
∆E2(L) = λ
L
ρi1i2
(
θ˜1, θ˜2
)(FΨ4 (θ˜2 + iπ, θ˜1 + iπ, θ˜1, θ˜2)
i2i1i1i2
+mi1L cosh θ˜1F
Ψ
2 (iπ, 0)i2i2
+mi2L cosh θ˜2F
Ψ
2 (iπ, 0)i1i1
)
where all quantities (suh as Bethe-Yang rapidities θ˜i, masses mi and the two-partile
state density ρ2) are in terms of the λ = 0 theory. This result expresses the fat that
there are two soures for the variation of two-partile energy levels: one is the mass shift
of the individual partiles, and the seond is due to the variation in the interation. On
the other hand, in analogy with (2.31) we have
∆E2(L) = λL (i1i2〈{I1, I2}|Ψ|{I1, I2}〉i1i2,L − 〈0|Ψ|0〉L)
and so we obtain the following relation:
i1i2〈{I1, I2}|Ψ|{I1, I2}〉i1i2,L =
1
ρi1i2
(
θ˜1, θ˜2
)(FΨ4 (θ˜2 + iπ, θ˜1 + iπ, θ˜1, θ˜2)
i2i1i1i2
+mi1L cosh θ˜1F
Ψ
2 (iπ, 0)i2i2
+mi2L cosh θ˜2F
Ψ
2 (iπ, 0)i1i1 + 〈0|Ψ|0〉
)
+ . . . (2.33)
where the ellipsis again indiate residual nite size eets. The above argument is a
generalization of the derivation of the mini-Hamiltonian oeient C in Appendix C of
[8℄.
We wish to remark that the result (2.33) extends to two-partile states in non-
integrable models below the inelasti threshold, as the Bethe-Yang equations remain valid
in this ase [5℄.
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2.3.2 Generalization to higher number of partiles
Let us now introdue some more onvenient notations. Given a state
|{I1 . . . In}〉i1...in
we denote
ρ({k1, . . . , kr})L = ρik1 ...ikr (θ˜k1 , . . . , θ˜kr) (2.34)
where θ˜l, l = 1, . . . , n are the solutions of the n-partile Bethe-Yang equations (2.11) at
volume L with quantum numbers I1, . . . , In and ρ({k1, . . . , kr}, L) is the r-partile Bethe-
Yang Jaobi determinant (2.15) involving only the r-element subset 1 ≤ k1 < · · · < kr ≤ n
of the n partiles, evaluated with rapidities θ˜k1 , . . . , θ˜kr . Let us further denote
F({k1, . . . , kr})L = F s2r(θ˜k1 , . . . , θ˜kr)ik1 ...ikr
where
F s2n(θ1, . . . , θn)i1...in = lim
ǫ→0
FΨ2n(θn + iπ + ǫ, . . . , θ1 + iπ + ǫ, θ1, . . . , θn)i1...inin...i1 (2.35)
is the so-alled symmetri evaluation of diagonal n-partile matrix elements, whih we
analyze more losely in the next subsetion. Note that the exlusion property mentioned
at the end of subsetion 2.1 arries over to the symmetri evaluation too: (2.35) vanishes
whenever the rapidities of two partiles of the same speies oinide.
Based on the above results, we onjeture that the general rule for a diagonal matrix
element takes the form of a sum over all bipartite divisions of the set of the n partiles
involved (inluding the trivial ones when A is the empty set or the omplete set {1, . . . , n}):
i1...in〈{I1 . . . In}|Ψ|{I1 . . . In}〉i1...in,L =
1
ρ({1, . . . , n})L × (2.36)∑
A⊂{1,2,...n}
F(A)Lρ({1, . . . , n} \ A)L +O(e−µL)
2.3.3 Diagonal matrix elements in terms of onneted form fa-
tors
Here we disuss diagonal matrix elements in terms of onneted form fators. The
results will be used in the following subsetion to prove that a onjeture made by Saleur
in [31℄ exatly oinides with our eqn. (2.36). To simplify notations we omit the partile
speies labels; they an be restored easily if needed.
2.3. DIAGONAL MATRIX ELEMENTS 35
Relation between onneted and symmetri matrix elements
The purpose of this disussion is to give a treatment of the ambiguity inherent in
diagonal matrix elements. Due to the existene of kinematial poles (2.5) the expression
F2n(θ1 + iπ, θ2 + iπ, ..., θn + iπ, θn, ..., θ2, θ1)
whih is relevant for diagonal multi-partile matrix elements, is not well-dened. Let us
onsider the regularized version
F2n(θ1 + iπ + ǫ1, θ2 + iπ + ǫ2, ..., θn + iπ + ǫn, θn, ..., θ2, θ1)
It was rst observed in [91℄ that the singular parts of this expression drop when taking
the limits ǫi → 0 simultaneously; however, the end result depends on the diretion of the
limit, i.e. on the ratio of the ǫi parameters. The terms that are relevant in the limit an
be written in the following general form:
F2n(θ1 + iπ + ǫ1, θ2 + iπ + ǫ2, ..., θn + iπ + ǫn, θn, ..., θ2, θ1) = (2.37)
n∏
i=1
1
ǫi
·
n∑
i1=1
n∑
i2=1
...
n∑
in=1
ai1i2...in(θ1, . . . , θn)ǫi1ǫi2 ...ǫin + . . .
where ai1i2...in is a ompletely symmetri tensor of rank n and the ellipsis denote terms
that vanish when taking ǫi → 0 simultaneously.
In our previous onsiderations we used the symmetri limit, whih is dened by taking
all ǫi equal:
F s2n(θ1, θ2, ..., θn) = lim
ǫ→0
F2n(θ1 + iπ + ǫ, θ2 + iπ + ǫ, ..., θn + iπ + ǫ, θn, ..., θ2, θ1)
It is symmetri in all the variables θ1, . . . , θn. There is another evaluation with this sym-
metry property, namely the so-alled onneted form fator, whih is dened as the ǫi
independent part of eqn. (2.37), i.e. the part whih does not diverge whenever any of the
ǫi is taken to zero:
F c2n(θ1, θ2, ..., θn) = n! a12...n (2.38)
where the appearane of the fator n! is simply due to the permutations of the ǫi.
The relation for n ≤ 3
We now spell out the relation between the symmetri and onneted evaluations for
n = 1, 2 and 3.
The n = 1 ase is simple, sine the two-partile form fator F2(θ1, θ2) has no singular-
ities at θ1 = θ2 + iπ and therefore
F s2 (θ) = F
c
2 (θ) = F2(iπ, 0) (2.39)
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It is independent of the rapidities and will be denoted F c2 in the sequel.
For n = 2 we need to onsider
F4(θ1 + iπ + ǫ1, θ2 + iπ + ǫ2, θ2, θ1) ≈ a11ǫ
2
1 + 2a12ǫ1ǫ2 + a22ǫ
2
2
ǫ1ǫ2
(2.40)
whih gives
F s4 (θ1, θ2) = a11 + 2a12 + a22
F c4 (θ1, θ2) = 2a12
The terms a11 and a22 an be expressed using the two-partile form fator. Taking an
innitesimal, but xed ǫ2 6= 0
Res
ǫ1=0
F4(θ1 + iπ + ǫ1, θ2 + iπ + ǫ2, θ2, θ1) = a22ǫ2
whereas aording to (2.6)
Res
ǫ1=0
F4(θ1+iπ+ǫ1, θ2+iπ+ǫ2, θ2, θ1) = i (1− S(θ1 − θ2)S(θ1 − θ2 − iπ − ǫ2))F2(θ2+iπ+ǫ2, θ2)
To rst order in ǫ2
S(θ1 − θ2 − iπ − ǫ2) = S(θ2 − θ1 + ǫ2) = S(θ2 − θ1)(1 + iϕ(θ2 − θ1)ǫ2 + . . . )
where
ϕ(θ) = −i d
dθ
log S(θ)
is the derivative of the two-partile phase shift dened before. Therefore we obtain
a22 = ϕ(θ2 − θ1)F c2
and similarly
a11 = ϕ(θ1 − θ2)F c2
and so
F s4 (θ1, θ2) = F
c
4 (θ1, θ2) + 2ϕ(θ1 − θ2)F2(iπ, 0) (2.41)
In the ase of the trae of the energy-momentum tensor Θ the following expressions are
known [34℄
FΘ2 = 2πm
2
FΘ,s4 = 8πm
2ϕ(θ1 − θ2) cosh2
(
θ1 − θ2
2
)
FΘ,c4 = 4πm
2ϕ(θ1 − θ2) cosh(θ1 − θ2)
and they are in agreement with (2.41).
For n = 3, a proedure similar to the above gives the following relation:
F s6 (θ1, θ2, θ3) = F
c
6 (θ1, θ2, θ3) + [F
c
4 (θ1, θ2)(ϕ(θ1 − θ3) + ϕ(θ2 − θ3)) + permutations]
+3F c2 [ϕ(θ1 − θ2)ϕ(θ1 − θ3) + permutations] (2.42)
where we omitted terms that only dier by permutation of the partiles.
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Relation between the onneted and symmetri evaluation in the general ase
Our goal is to ompute the general expression
F2n(θ1, . . . , θn|ǫ1, . . . , ǫn) = F2n(θ1+iπ+ǫ1, θ2+iπ+ǫ2, ..., θn+iπ+ǫn, θn, ..., θ2, θ1) (2.43)
Let us take n verties labeled by the numbers 1, 2, . . . , n and let G be the set of the
direted graphs Gi with the following properties:
• Gi is tree-like.
• For eah vertex there is at most one outgoing edge.
For an edge going from i to j we use the notation Eij .
Theorem 1 (2.43) an be evaluated as a sum over all graphs in G, where the ontribu-
tion of a graph Gi is given by the following two rules:
• Let Ai = {a1, a2, . . . , am} be the set of verties from whih there are no outgoing
edges in Gi. The form fator assoiated to Gi is
F c2m(θa1 , θa2 , . . . , θam) (2.44)
• For eah edge Ejk the form fator above has to be multiplied by
ǫj
ǫk
ϕ(θj − θk)
Note that sine annot ontain yles, the produt of the ǫi/ǫj fators will never be trivial
(exept for the empty graph with no edges).
Proof The proof goes by indution in n. For n = 1 we have
F s2 (θ1) = F
c
2 (θ1) = F2(iπ, 0)
This is in aordane with the theorem, beause for n = 1 there is only the trivial graph
whih ontains no edges and a single node.
Now assume that the theorem is true for n− 1 and let us take the ase of n partiles.
Consider the residue of the matrix element (2.43) at ǫn = 0 while keeping all the ǫi nite
R = Res
ǫn=0
F2n(θ1..θn|ǫ1..ǫn)
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Figure 2.1: The graphs relevant for n = 2
Aording to the theorem the graphs ontributing to this residue are exatly those for
whih the vertex n has an outgoing edge and no inoming edges. Let Rj be sum of the
diagrams where the outgoing edge is Enj for some j = 1, . . . , n− 1, and so
R =
n−1∑
j=1
Rj
The form fators appearing in Rj do not depend on θn. Therefore we get exatly the dia-
grams that are needed to evaluate F2(n−1)(θ1..θn−1|ǫ1..ǫn−1), apart from the proportionality
fator assoiated to the link Enj and so
Rj =
ǫj
ǫn
ϕ(θj − θn)F2(n−1)(θ1..θn−1|ǫ1..ǫn−1)
and summing over j gives
R = (ǫ1ϕ(θ1−θn)+ ǫ2ϕ(θ2−θn)+ · · ·+ ǫn−1ϕ(θn−1−θn))F2(n−1)(θ1..θn−1|ǫ1..ǫn−1) (2.45)
In order to prove the theorem, we only need to show that the residue indeed takes this
form. On the other hand, the kinematial residue axiom (2.5) gives
R = i
(
1−
n−1∏
j=1
S(θn − θj)S(θn − θj − iπ − ǫj)
)
F2(n−1)(θ1..θn−1|ǫ1..ǫn−1)
whih is exatly the same as eqn. (2.45) when expanded to rst order in ǫj .
We thus heked that the theorem gives the orret result for the terms that inlude
a 1/ǫn singularity. Using symmetry in the rapidity variables this is true for all the terms
that inlude at least one 1/ǫi for an arbitrary i. There is only one diagram that annot
be generated by the indutive proedure, namely the empty graph. However, there are no
singularities (1/ǫi fators) assoiated to it, and it gives F
c
2n(θ1, . . . , θn) by denition. Qed.
We now illustrate how the theorem works. For n = 2, there are only three graphs,
depited in gure 2.1. Applying the rules yields
F4(θ1, θ2|ǫ1, ǫ2) = F c4 (θ1, θ2) + ϕ(θ1 − θ2)
(
ǫ1
ǫ2
+
ǫ2
ǫ1
)
F c2
whih gives bak (2.41) upon putting ǫ1 = ǫ2. For n = 3 there are 4 dierent kinds
of graphs, the representatives of whih are shown in gure 2.2; all other graphs an be
obtained by permuting the node labels 1, 2, 3. The ontributions of these graphs are
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Figure 2.2: The graphs relevant for n = 3
(a) : F c6 (θ1, θ2, θ3)
(b) :
ǫ2
ǫ1
ϕ(θ1 − θ2)F c4 (θ2, θ3)
(c) :
ǫ2
ǫ1
ǫ3
ǫ2
ϕ(θ1 − θ2)ϕ(θ2 − θ3)F c2 =
ǫ3
ǫ1
ϕ(θ1 − θ2)ϕ(θ2 − θ3)F c2
(d) :
ǫ2
ǫ1
ǫ2
ǫ3
ϕ(θ1 − θ2)ϕ(θ3 − θ2)F c2
Adding up all the ontributions and putting ǫ1 = ǫ2 = ǫ3 we reover eqn. (2.42).
2.3.4 Consisteny with Saleur's proposal
Saleur proposed an expression for diagonal matrix elements in terms of onneted
form fators in [31℄, whih is partially based on earlier work by Balog [93℄ and also on
the determinant formula for normalization of states in the framework of algebrai Bethe
Ansatz, derived by Gaudin, and also by Korepin (see [94℄ and referenes therein). To
desribe it, we must extend the normalization of nite volume states dened previously
to the ase when the partile rapidities form a proper subset of some multi-partile Bethe-
Yang solution.
It was shown in subsetion 2.2.2 that the normalization of a nite volume state is
given by
|{I1, . . . , In}〉L = 1√
ρn(θ˜1, . . . , θ˜n)
|θ˜1, . . . , θ˜n〉
We again omit the partile speies labels, and also denote the n-partile determinant by
ρn. Let us take a subset of partile indies A ∈ {1, . . . , n} and dene the orresponding
sub-determinant by
ρ˜n(θ˜1, . . . , θ˜n|A) = detJ (n)A
where J (n)A is the sub-matrix of the matrix J (n) dened in eqn. (2.15) whih is given by
hoosing the elements whose indies belong to A. The full matrix an be written expliitly
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as
J (n) =


E1L+ ϕ12 + · · ·+ ϕ1n −ϕ12 . . . −ϕ1n
−ϕ12 E2L+ ϕ21 + ϕ23 + · · ·+ ϕ2n . . . −ϕ2n
.
.
.
.
.
.
.
.
.
.
.
.
−ϕ1n −ϕ2n . . . EnL+ ϕ1n + · · ·+ ϕn−1,n


where the following abbreviations were used: Ei = mi cosh θi, ϕij = ϕji = ϕ(θi−θj). Note
that ρ˜n depends on all the rapidities, not just those whih orrespond to elements of A.
It is obvious that
ρn(θ˜1, . . . , θ˜n) ≡ ρ˜n(θ˜1, . . . , θ˜n|{1, . . . , n})
Saleur proposed the denition
〈{θ˜k}k∈A|{θ˜k}k∈A〉L = ρ˜n(θ˜1, . . . , θ˜n|A) (2.46)
where
|{θ˜k}k∈A〉L
is a partial state whih ontains only the partiles with index in A, but with rapidities
that solve the Bethe-Yang equations for the full n-partile state. Note that this is not a
proper state in the sense that it is not an eigenstate of the Hamiltonian sine the partile
rapidities do not solve the Bethe-Yang equations relevant for a state onsisting of |A|
partiles (where |A| denotes the ardinal number  i.e. number of elements  of the set
A). The idea behind this proposal is that the density of these partial states in rapidity
spae depends on the presene of the other partiles whih are not inluded, and indeed
it is easy to see that it is given by ρ˜n(θ˜1, . . . , θ˜n|A).
In terms of the above denitions, Saleur's onjeture for the diagonal matrix element
is
i1...in〈{I1 . . . In}|Ψ|{I1 . . . In}〉i1...in,L =
1
ρn(θ˜1, . . . , θ˜n)
× (2.47)∑
A⊂{1,2,...n}
F c2|A|({θ˜k}k∈A)ρ˜(θ˜1, . . . , θ˜n|A) +O(e−µL)
whih is just the standard representation of the full matrix element as the sum of all the
onneted ontributions provided we aept eqn. (2.46). The full amplitude is obtained
by summing over all possible bipartite divisions of the partiles, where the division is into
partiles that are onneted to the loal operator, giving the onneted form fator F c
and into those that simply go diretly from the initial to the nal state whih ontribute
the norm of the orresponding partial multi-partile state.
Using the results of the previous subsetion, it is easy to hek expliitly that our rule
for the diagonal matrix elements as given in eqn. (2.36) is equivalent to eqn. (2.47). We
now give a omplete proof for the general ase.
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Theorem 2∑
A⊂N
F c2|A|({θk}k∈A)ρ˜(θ1, . . . , θn|A) =
∑
A⊂N
F s2|A|({θk}k∈A)ρ({θk}k∈N\A) (2.48)
where we denoted N = {1, 2, . . . , n}.
Proof The two sides of eqn. (2.48) dier in two ways:
• The form fators on the right hand side are evaluated aording to the symmetri
presription, and in addition to the onneted part also they ontain extra terms,
whih are proportional to onneted form fators with fewer partiles.
• The densities ρ˜ on the left hand side are not determinants of the form (2.15) written
down in terms of the partiles ontained in N \ A: they ontain additional terms
due to the presene of the partiles in A as well.
Here we show that eqn. (2.48) is merely a reorganization of these terms.
For simpliity onsider rst the term on the left hand side whih orresponds to A =
{m+ 1, m+ 2, . . . , n}, i.e.
F c2m(θm+1, . . . , θn)ρ˜(θ1, . . . , θn|A)
We expand ρ˜ in terms of the physial multi-partile densities ρ. In order to aomplish
this, it is useful to rewrite the sub-matrix J nN\A as
J (n)|N\A = Jm(θ1, . . . , θm) +


n∑
i=m+1
ϕ1i
n∑
i=m+1
ϕ2i
.
.
.
n∑
i=m+1
ϕmi


where Jm is the m-partile Jaobian matrix whih does not ontain any terms depending
on the partiles in A. The determinant of J nN\A an be written as a sum over the subsets
of N \ A. For a general subset B ⊂ N \ A let us use the notation B = {b1, b2, . . . , b|B|}.
We an then write
ρ˜(θ1, . . . , θn|A) = detJ (n)|N\A =
∑
B

ρ(N \ (A ∪ B)) |B|∏
i=1
(
n∑
ci=m+1
ϕbi,ci
)
(2.49)
where ρ(N \(A∪B)) is the ρ-density (2.15) written down with the partiles in N \(A∪B).
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Applying a suitable permutation of variables we an generalize eqn. (2.49) to an arbi-
trary subset A ⊂ N :
ρ˜(θ1, . . . , θn|A) = detJ (n)|N\A =
∑
B
ρ(N \ (A ∪ B))
∑
C
(
|B|∏
i=1
ϕbi,ci) (2.50)
where the seond summation goes over all the sets C = {c1, c2, . . . , c|B|} with |C| = |B|
and ci ∈ A. The left hand side of eqn. (2.48) an thus be written as∑
A⊂N
F c2|A|({θk}k∈A)ρ˜(θ1, . . . , θn|A) =
∑
A,B ⊂ N
A ∩ B = ∅
ρ(N \ (A ∪ B))
∑
C
F(A,B,C)(2.51)
where F(A,B,C) = F
c
2|A|({θk}k∈A)
|B|∏
i=1
ϕbi,ci
We now show that there is a one-to-one orrespondene between all the terms in (2.51)
and those on the right hand side of (2.48) if the symmetri evaluations F s2k are expanded
aording to Theorem 1. To eah triplet (A,B,C) let us assign the graph G(A,B,C) dened
as follows:
• The verties of the graph are the elements of the set A ∪ B.
• There are exatly |B| edges in the graph, whih start at bi and end at ci with
i = 1, . . . , |B|.
The ontribution of G(A,B,C) to F
s
2(|A|+|B|)({θk}k∈A∪B) is nothing else than F(A,B,C) whih
an be proved by applying the rules of Theorem 1. Note that all the possible diagrams
with at most n verties are ontained in the above list of the G(A,B,C), beause a general
graph G satisfying the onditions in Theorem 1 an be haraterized by writing down the
set of verties with and without outgoing edges (in this ase B and A) and the endpoints
of the edges (in this ase C).
It is easy to see that the fators ρ(N \ (A ∪B)) multiplying the F(A,B,C) in (2.51) are
also the orret ones: they are just the density fators multiplying F s2(|A|+|B|)({θk}k∈A∪B)
on the right hand side of (2.48). Qed.
2.4 Zero-momentum partiles
2.4.1 Theories with one partile speies
In theories with only a single partile speies, there an only be a single partile of zero
momentum in a multi-partile state due to the exlusion priniple. For the momentum to
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be exatly zero in nite volume it is neessary that all the other partiles should ome
with quantum numbers in pairs of opposite sign, whih means that the state must have
2n+ 1 partiles in a onguration
|{I1, . . . , In, 0,−In, . . . ,−I1}〉L
Therefore we onsider matrix elements of the form
〈{I ′1, . . . , I ′k, 0,−I ′k, . . . ,−I ′1}|Φ|{I1, . . . , Il, 0,−Il, . . . ,−I1}〉L
(with k = 0 or l = 0 orresponding to a state ontaining a single stationary partile). We
also suppose that the two sets {I1, . . . , Ik} and {I ′1, . . . , I ′l} are not idential, otherwise we
have the ase of diagonal matrix elements treated in setion 2.3.
We need to examine form fators of the form
F2k+2l+2(iπ + θ
′
1, . . . , iπ + θ
′
k, iπ − θ′k, . . . , iπ − θ′1, iπ + θ, 0, θ1, . . . , θl,−θl, . . . ,−θ1)
where the partiular ordering of the rapidities was hosen to ensure that no additional S
matrix fators appear in the disonneted terms of the rossing relation (2.2). Using the
singularity axiom (2.5), plus unitarity and rossing symmetry of the S-matrix it is easy
to see that the residue of the above funtion at θ = 0 vanishes, and so it has a nite limit
as θ → 0. However, this limit depends on diretion just as in the ase of the diagonal
matrix elements onsidered in setion 4. Therefore we must speify the way it is taken,
and just as previously we use a presription that is maximally symmetri in all variables:
we hoose to shift all rapidities entering the left hand state with the same amount to
dene
Fk,l(θ′1, . . . , θ′k|θ1, . . . , θl) =
lim
ǫ→0
F2k+2l+2(iπ + θ
′
1 + ǫ, . . . , iπ + θ
′
k + ǫ, iπ − θ′k + ǫ, . . . , iπ − θ′1 + ǫ,
iπ + ǫ, 0, θ1, . . . , θl,−θl, . . . ,−θ1) (2.52)
Using the above denition, by analogy to (2.36) we onjeture that
〈{I ′1, . . . , I ′k, 0,−I ′k, . . . ,−I ′1}|Φ|{I1, . . . , Il, 0,−Il, . . . ,−I1}〉L = (2.53)
1√
ρ2k+1(θ˜
′
1, . . . , θ˜
′
k, 0,−θ˜′k, . . . ,−θ˜′1)ρ2l+1(θ˜1, . . . , θ˜l, 0,−θ˜l, . . . ,−θ˜1)
×
(
Fk,l(θ˜′1, . . . , θ˜′k|θ˜1, . . . , θ˜l) +mLF2k+2l(iπ + θ˜′1, . . . , iπ + θ˜′k,
iπ − θ˜′k, . . . , iπ − θ˜′1, θ˜1, . . . , θ˜l,−θ˜l, . . . ,−θ˜1)
)
+O(e−µL)
where θ˜ denote the solutions of the appropriate Bethe-Yang equations at volume L, ρn is a
shorthand notation for the n-partile Bethe-Yang density (2.15) and equality is understood
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up to phase fators. We reall from setion 2.2.1 that relative phases of multi-partile states
are in general xed dierently in the form fator bootstrap and in numerial methods
(TCSA). Also note that reordering partiles gives phase fators on the right hand side
aording to the exhange axiom (2.3). This issue is obviously absent in the ase of
diagonal matrix elements treated in the previous setion, sine any suh phase fator
anels out between the state and its onjugate. Suh phases do not aet orrelation
funtions, or as a onsequene, any physially relevant quantities sine they an all be
expressed in terms of orrelators.
There is some argument that an be given in support of eqn. (2.53). Note that the
zero-momentum partile ours in both the left and right states, whih atually makes
it unlear how to dene a density similar to ρ˜ in (2.46). Suh a density would take into
aount the interation with the other partiles. However, the nonzero rapidities entering
of the two states are dierent and therefore there is no straightforward way to apply
Saleur's reipe (2.47) here. Using the maximally symmetri denition (2.52) the shift ǫ
an be equally put on the right hand side rapidities as well, and therefore we expet that
the density fator multiplying the term F2k+2l in (2.53) would be the one-partile state
density in whih none of the other rapidities appear, whih is exatly mL for a stationary
partile. This is a natural guess from eqn. (2.36) whih states that when diagonal matrix
elements are expressed using the symmetri evaluation, only densities of the type ρ appear.
Another argument an be formulated using the observation that eqn. (2.53) is only
valid if Fk,l is dened as in (2.52); all other possible ways to take the limit an be related
in a simple way to this denition and so the rule (2.53) an be rewritten appropriately.
Let us onsider two other natural hoies
F+k,l(θ′1, . . . , θ′k|θ1, . . . , θl) =
lim
ǫ→0
F2k+2l+2(iπ + θ
′
1, . . . , iπ + θ
′
k, iπ − θ′k, . . . , iπ − θ′1, iπ, ǫ, θ1, . . . , θl,−θl, . . . ,−θ1)
F−k,l(θ′1, . . . , θ′k|θ1, . . . , θl) =
lim
ǫ→0
F2k+2l+2(iπ + θ
′
1, . . . , iπ + θ
′
k, iπ − θ′k, . . . , iπ − θ′1, iπ + ǫ, 0, θ1, . . . , θl,−θl, . . . ,−θ1)
in whih the shift is put only on the zero-momentum partile on the right/left, respetively.
Using the kinematial residue axiom (2.5), F± an be related to F via
Fk,l(θ′1, . . . , θ′k|θ1, . . . , θl) = F+k,l(θ′1, . . . , θ′k|θ1, . . . , θl)
+2
l∑
i=1
ϕ(θi)F2k+2l(iπ + θ
′
1, . . . , iπ + θ
′
k, iπ − θ′k, . . . , iπ − θ′1, θ1, . . . , θl,−θl, . . . ,−θ1)
Fk,l(θ′1, . . . , θ′k|θ1, . . . , θl) = F−k,l(θ′1, . . . , θ′k|θ1, . . . , θl)
−2
k∑
i=1
ϕ(θ′i)F2k+2l(iπ + θ
′
1, . . . , iπ + θ
′
k, iπ − θ′k, . . . , iπ − θ′1, θ1, . . . , θl,−θl, . . . ,−θ1)
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With the help of the above relations eqn. (2.53) an also be rewritten in terms of F±. The
way F and therefore also eqn. (2.53) are expressed in terms of F± shows a remarkable
and natural symmetry under the exhange of the left and right state (and orrespondingly
F+ with F−), whih provides a further support to our onjeture.
The above two arguments annot be onsidered as a proof; we do not have a proper
derivation of relation (2.53). On the other hand, as we show in setion 3.7 it agrees very
well with numerial data whih would be impossible if there were some additional ϕ terms
present; suh terms, as shown in setion 2.2.1 would ontribute orretions of order 1/l in
terms of the dimensionless volume parameter l = mL.
2.4.2 Generalization to more than one partile speies
In a general diagonal sattering theory, there an be more than one partiles of zero
momentum in a multi-partile state. This an our if the following two onditions hold:
• The sets of the rapidities are parity-symmetri for eah partile speies separately,
ie. for every partile with non-zero rapidity θ there is a partile of the same speies
with rapidity −θ. The same holds for the momentum quantum numbers. It is on-
venient to denote suh a state with 2n+m partiles by
|{I1,−I1, I2,−I2, . . . , In,−In, 0, 0, . . . , 0}〉i1i1i2i2...inin j1...jm,L
• The sattering phases between the zero-momentum partiles satisfy∏
l=1...m
l 6=k
Sjkjl(0) = 1 k = 1 . . .m
This ondition is neessary for the Bethe-Yang equations to hold.
Here we onsider matrix elements between two dierent states |ϕ〉 and |ϕ′〉 whih
satisfy the previous two onditions. The generalization of (2.53) is straightforward: one
has to inlude a disonneted term for every proper subset of those zero-momentum
partiles, whih are present in both states. To preisely formulate this rule, one again
(and in this setion for the last time ⌣¨ ) we need to introdue new notations. We wish to
remark that the result presented below is unpublished material.
Let |ψ〉 and |ψ′〉 be a sattering state with n + o and n′ + o partiles, respetively,
where o denotes the number of those zero-momentum partiles whih are present in both
states. The sets of the remaining partiles onsist of parity-symmetri pairs or they may
also ontain zero-momentum partiles that are not present in the other state. For the
rapidities of these partiles we use the standard notation θ1 . . . θn and θ
′
1 . . . θ
′
n′ and in
the following we do not distinguish whether a partiular rapidity belongs to a pair or is
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zero. Partile types of these rst n and n′ partiles are denoted by i1, . . . in and i
′
1, . . . i
′
n′,
whereas for the remaining o partiles we use j1, . . . jo.
For every subset A ⊂ {j1, . . . jo} we dene
F onn′(A) = lim
ε→0
Fn+n′+2|A|(iπ + θ1 + ε, . . . , iπ + θn + ε, iπ + ε, . . . , iπ + ε︸ ︷︷ ︸
|A| times
, 0, . . . , 0︸ ︷︷ ︸
|A| times
, θ′1, . . . , θ
′
n′)B
where the label of partile types is given by
B = {i1 . . . in}AA¯{i′1 . . . i′n′}
with A¯ onsisting of the elements of A listed in reverse order.
With these notations, the onjetured general formula reads
〈ψ|Φ|ψ′〉L =
1√
ρn+o(θ1, . . . , θn, 0, . . . , 0)ρn′+o(θ′1, . . . , θ
′
n′, 0, . . . , 0)
×∑
A⊂{j1,...jo}
F onn′(A)
∏
j∈B
(mjL) +O(e−µL) (2.54)
where B = {j1, . . . jo} \ A. Note, that an exhange of any two rapidities in θ1 . . . θn or
θ′1 . . . θ
′
n′ yields the same phase fator in eah term; the expression (2.54) is therefore
well-dened and is to be understood up to an overall phase fator, similar to (2.53) and
(2.18).
Chapter 3
Finite Volume Form Fators 
Numerial analysis
Here we ompare the analyti preditions of the previous hapter to numerial data
obtained by the Trunated Conformal Spae Approah (TCSA).
In 3.1 we explain in detail the methods we used to numerially determine the nite
volume matrix elements in the Lee-Yang model and in the Ising model in a magneti
eld. In setions 3.2-3.5 we present results on form fators without disonneted terms.
The speial ases of diagonal matrix elements and form fators with zero-momentum
partiles are investigated in 3.6 and 3.7, respetively.
3.1 Form fators from trunated onformal spae
3.1.1 Trunated onformal spae approah for saling Lee-Yang
model
We use the trunated onformal spae approah (TCSA) developed by Yurov and
Zamolodhikov in [86℄.
Due to translational invariane of the Hamiltonian (1.20), the onformal Hilbert spae
H an be split into setors haraterized by the eigenvalues of the total spatial momentum
P =
2π
L
(
L0 − L¯0
)
the operator L0−L¯0 generates Lorentz transformations and its eigenvalue is alled Lorentz
spin. For a numerial evaluation of the spetrum, the Hilbert spae is trunated by im-
posing a ut in the onformal energy. The trunated onformal spae orresponding to a
given trunation and xed value s of the Lorentz spin reads
HTCS(s, ecut) =
{
|ψ〉 ∈ H | (L0 − L¯0) |ψ〉 = s|ψ〉, (L0 + L¯0 − c
12
)
|ψ〉 = e|ψ〉 : e ≤ ecut
}
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On this subspae, the dimensionless Hamiltonian matrix an be written as
hij =
2π
l
(
L0 + L¯0 − c
12
+ i
κl2−2∆
(2π)1−2∆
G(s)−1B(s)
)
(3.1)
where energy is measured in units of the partile mass m, l = mL is the dimensionless
volume parameter,
G
(s)
ij = 〈i|j〉 (3.2)
is the onformal inner produt matrix and
B
(s)
ij = 〈i|Φ(z, z¯)|j〉|z=z¯=1 (3.3)
is the matrix element of the operator Φ at the point z = z¯ = 1 on the omplex plane
between vetors |i〉, |j〉 from HTCS(s, ecut). The natural basis provided by the ation of
Virasoro generators is not orthonormal and therefore G(s)−1 must be inserted to trans-
form the left vetors to the dual basis. The Hilbert spae and the matrix elements are
onstruted using an algorithm developed by Kaush et al. and rst used in [95℄.
Diagonalizing the matrix hij we obtain the energy levels as funtions of the volume,
with energy and length measured in units of m. The maximum value of the uto ecut
we used was 30, in whih ase the Hilbert spae ontains around one thousand vetors,
slightly depending on the spin.
3.1.2 Exat form fators of the primary eld Φ in the Lee-Yang
model
Form fators of the trae of the stress-energy tensor Θ were omputed by Al.B.
Zamolodhikov in [19℄, and using the relation
Θ = iλπ(1−∆)Φ (3.4)
we an rewrite them in terms of Φ. They have the form
Fn(θ1, . . . , θn) = 〈Φ〉HnQn(x1, . . . , xn)
n∏
i=1
n∏
j=i+1
f(θi − θj)
xi + xj
(3.5)
with the notations
f(θ) =
cosh θ − 1
cosh θ + 1/2
v(iπ − θ)v(−iπ + θ)
v(θ) = exp
(
2
∫ ∞
0
dt
sinh πt
2
sinh πt
3
sinh πt
6
t sinh2 πt
eiθt
)
xi = e
θi , Hn =
(
31/4
21/2v(0)
)n
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The mass-gap of the theory is related to the oupling onstant as
λ = 0.09704845636 · · · ×m12/5 (3.6)
The exat vauum expetation value of the eld Φ is
〈Φ〉 = 1.239394325 · · · × im−2/5
whih an be readily obtained using (3.6, 3.4) and also the known vauum expetation
value of Θ [19℄
〈Θ〉 = −πm
2
4
√
3
The funtions Qn are symmetri polynomials in the variables xi. Dening the elementary
symmetri polynomials of n variables by the relations
n∏
i=1
(x+ xi) =
n∑
i=0
xn−iσ
(n)
i (x1, . . . , xn) , σ
(n)
i = 0 for i > n
they an be onstruted as
Q1 = 1 , Q2 = σ
(2)
1 , Q3 = σ
(3)
1 σ
(3)
2
Qn = σ
(n)
1 σ
(n)
n−1Pn , n > 3
Pn = detM(n) where M(n)ij = σ(n)3i−2j+1 , i, j = 1, . . . , n− 3
Note that the one-partile form fator is independent of the rapidity:
FΦ1 = 1.0376434349 · · · × im−2/5 (3.7)
3.1.3 Trunated fermioni spae approah for the Ising model
The onformal Ising model an be represented as the theory of a massless Majorana
fermion with the ation
AIsing = 1
2π
∫
d2z
(
ψ¯∂ψ¯ + ψ∂¯ψ
)
On the onformal plane the model has two setors, with the mode expansions
ψ(z) =


∑
r∈Z+ 1
2
brz
−r−1/2
Neveu-Shwarz (NS) setor∑
r∈Z brz
−r−1/2
Ramond (R) setor
and similarly for the anti-holomorphi eld ψ¯. The Hilbert spae is the diret sum of a
ertain projetion of the NS and R setors, with the Virasoro ontent
HIsing =
⊕
h=0, 1
2
, 1
16
Vh ⊗ V¯h
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The spin eld σ onnets the NS and R setors, and its matrix elements B
(s)
ij in the
setor with a given onformal spin s (f. eqn. (3.3)) an be most onveniently omputed
in the fermioni basis using the work of Yurov and Zamolodhikov [96℄, who alled this
method the trunated fermioni spae approah. The fermioni basis an easily be hosen
orthonormal, and thus in this ase the metris G(s) on the spin subspaes (f. eqn. (3.2))
are all given by unit matries of appropriate dimension. Apart from the hoie of basis
all the alulation proeeds very similarly to the ase of the Lee-Yang model. Energy and
volume is measured in units of the lowest partile mass m = m1 and using relation (1.25)
one an write the dimensionless Hamiltonian in the form (3.1). The highest uto we
use is ecut = 30, in whih ase the Hilbert spae ontains around three thousand vetors
(slightly depending on the value of the spin hosen).
We remark that the energy density operator an be represented in the fermioni lan-
guage as
ǫ = ψ¯ψ
whih makes the evaluation of its matrix elements in the fermioni basis extremely simple.
3.1.4 Ising model  Form fators of the energy density operator
The form fators of the operator ǫ in the E8 model were rst alulated in [97℄ and
their determination was arried further in [92℄. The exat vauum expetation value of
the eld ǫ is given by [98℄
〈ǫ〉 = ǫh|h|8/15 , ǫh = 2.00314 . . .
or in terms of the mass sale m = m1
〈ǫ〉 = 0.45475 · · · ×m (3.8)
The form fators are not known for the general n-partile ase in a losed form, i.e. no
formula similar to that in (3.5) exists. They an be evaluated by solving the appropriate
polynomial reursion relations derived from the form-fator axioms. We do not present
expliit formulae here; instead we refer to the above papers. For pratial alulations we
used the results omputed by Delno, Grinza and Mussardo, whih an be downloaded
from the Web in Mathematia format [99℄.
3.1.5 Evaluating matrix elements of a loal operator O in TCSA
Identiation of multi-partile states
Diagonalizing the TCSA Hamiltonian (3.1) yields a set of eigenvalues and eigenvetors
at eah value of the volume, but it is not immediately obvious how to selet the same
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state at dierent values of the volume. Therefore in order to alulate form fators it is
neessary to identify the states with the orresponding many-partile interpretation.
Finding the vauum state is rather simple sine it is the lowest lying state in the spin-0
setor and its energy is given by
E0(L) = BL+ . . .
where the ellipsis indiate residual nite size eets deaying exponentially fast with
volume L and B is the bulk energy density whih in the models we onsider is exatly
known (1.22, 1.26). One-partile states an be found using that their energies an be
expressed as
E
(s)
i (L) = BL+
√(
2πs
L
)2
+m2i + . . .
again up to residual nite size eets where s is the spin of the setor onsidered and i is
the speies label (every setor ontains a single one-partile state for eah speies).
Higher multi-partile states an be identied by omparing the measured eigenvalues
to the levels predited by the Bethe-Yang equations. Fixing speies labels i1, . . . , in and
momentum quantum numbers I1, . . . , In, eqns. (2.11) an be solved to give the rapidities
θ˜1, . . . , θ˜n of the partiles as funtion of the dimensionless volume parameter l = mL.
Then the energy of the multi-partile state in question is
E
(I1...In)
i1...in
(L) = BL+
n∑
k=1
mik cosh θ˜k + . . .
whih an be ompared to the spetrum.
For eah state there exists a range of the volume, alled the saling region, where L
is large enough so that the omitted residual nite size eets an be safely negleted and
small enough so that the trunation errors are also negligible. More preisely, the saling
region for any quantity depending on the volume an be dened as the volume range in
whih the residual nite size orretions and the trunation errors are of the same order of
magnitude; sine both soures of error show a dependene on the state and the partiular
quantity onsidered (as well as on the value of the uto), so does the exat position of
the saling region itself.
In the saling region, we an use a omparison between the Bethe-Yang preditions and
the numerial energy levels to sort the states and label them by multi-partile quantum
numbers. An example is shown in gure 3.1, where we plot the rst few states in the spin-0
setor of the saling Lee-Yang model and their identiation in terms of multi-partile
states is given. In this ase, the agreement with the predited bulk energy density and
the Bethe-Yang levels in the saling region is better than one part in 104 for every state
shown (with the TCSA uto taken at ecut = 30).
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Figure 3.1: The rst 13 states in the nite volume spetrum of saling Lee-Yang model. We
plot the energy in units of m (with the bulk subtrated): e(l) = (E(L)−BL)/m, against
the dimensionless volume variable l = mL. n-partile states are labeled by |I1, . . . , In〉,
where the Ik are the momentum quantum numbers. The state labeled |2, 1,−3〉 is atually
two-fold degenerate beause of the presene of |−2,−1, 3〉 (up to a splitting whih vanishes
as e−l, f. the disussion in subsetion 3.3). The dots are the TCSA results and the
ontinuous lines are the preditions of the Bethe-Yang equations (2.11). The points not
belonging to any of the Bethe-Yang lines drawn are two- and three-partile states whih
are only partly ontained in the rst 13 levels due to line rossings, whose presene is a
onsequene of the integrability of the model.
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Evaluation of matrix elements
Suppose that we omputed two Hamiltonian eigenvetors as funtions of the volume
L (labeled by their quantum numbers in the Bethe-Yang desription (2.11), omitting the
partile speies labels for brevity):
|{I1, . . . , In}〉L =
∑
i
Ψi(I1, . . . , In;L)|i〉
|{I ′1, . . . , I ′k}〉L =
∑
j
Ψj(I
′
1, . . . , I
′
k;L)|j〉
in the setor with spin s and spin s′, respetively. Let the inner produts of these vetors
with themselves be given by
N =
∑
i,j
Ψi(I1, . . . , In;L)G
(s)
ij Ψj(I1, . . . , In;L)
N ′ =
∑
i,j
Ψi(I
′
1, . . . , I
′
k;L)G
(s′)
ij Ψj(I
′
1, . . . , I
′
k;L)
It is important that the omponents of the left eigenvetor are not omplex onjugated. In
the Ising model we work in a basis where all matrix and vetor omponents are naturally
real. In the Lee-Yang model, the TCSA eigenvetors are hosen so that all of their ompo-
nents Ψi are either purely real or purely imaginary depending on whether the basis vetor
|i〉 is an element of the h = h¯ = 0 or the h = h¯ = −1/5 omponent in the Hilbert spae. It
is well-known that the Lee-Yang model is non-unitary, whih is reeted in the presene
of omplex struture onstants as indiated in (1.19). This partiular onvention for the
struture onstants fores upon us the above inner produt, beause it is exatly the one
under whih TCSA eigenvetors orresponding to dierent eigenvalues are orthogonal. We
remark that by redening the struture onstants and the onformal inner produt it is
also possible to use a manifestly real representation for the Lee-Yang TCSA (up to some
trunation eets that lead to omplex eigenvalues in the viinity of level rossings [86℄).
Note that the above onventions mean that the phases of the eigenvetors are xed up to
a sign.
Let us onsider a spinless primary eld O with saling weights ∆O = ∆¯O, whih an
be desribed as the matrix
O
(s′,s)
ij = 〈i|O(z, z¯)|j〉|z=z¯=1 , |i〉 ∈ HTCS(s′, ecut) , |j〉 ∈ HTCS(s, ecut)
between the two trunated onformal spae setors. Then the matrix element of O an
be omputed as
m−2∆O〈{I ′1, . . . , I ′k}|O(0, 0)|{I1, . . . , In}〉L =(
2π
mL
)2∆O 1√N 1√N ′
∑
j,l
Ψj(I
′
1, . . . , I
′
k;L)O
(s′,s)
jl Ψl(I1, . . . , In;L) (3.9)
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Figure 3.2: The vauum expetation value of Φ in nite volume. The dashed line shows
the exat innite volume value, while the ontinuous line orresponds to eqn. (3.10).
where the volume dependent pre-fator omes from the transformation of the primary
eld O under the exponential map (1.15) and we wrote the equation in a dimensionless
form using the mass sale m. The above proedure is a generalization of the one used by
Guida and Magnoli to evaluate vauum expetation values in [100℄; it was extended to
one-partile form fators in the ontext of the triritial Ising model by Fioravanti et al.
in [101℄.
3.2 Vauum expetation values and one-partile form
fators
3.2.1 Saling Lee-Yang model
Before the one-partile form fator we disuss the vauum expetation value. Let us
dene the dimensionless funtion
φ(l) = −im2/5〈0|Φ|0〉L
where the nite volume expetation value is evaluated from TCSA using (3.9). We per-
formed measurement of φ as a funtion of both the uto ecut = 21 . . . 30 and the volume
l = 1 . . . 30 and then extrapolated the uto dependene tting a funtion
φ(l, ecut) = φ(l) + A(l)e
−12/5
cut
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(where the exponent was hosen by verifying that it provides an optimal t to the data).
The data orresponding to odd and even values of the uto must be extrapolated sepa-
rately [8℄, therefore one gets two estimates for the result, but they only dier by a very
small amount (of order 10−5 at l = 30 and even less for smaller volumes). The theoretial
predition for φ(l) is
φ(l) = 1.239394325 · · ·+O(e−l)
The numerial result (after extrapolation) is shown in gure 3.2 from whih it is lear
that there is a long saling region. Estimating the innite volume value from the attest
part of the extrapolated urve (at l around 12) we obtain the following measured value
φ(l =∞) = 1.23938 . . .
where the numerial errors from TCSA are estimated to aet only the last displayed
digit, whih orresponds to an agreement within one part in 105.
There is also a way to ompute the leading exponential orretion, whih was derived
by Delno [33℄:
〈Φ〉L = 〈Φ〉+ 1
π
∑
i
F2(iπ, 0)iiK0(mir) + . . . (3.10)
where
K0(x) =
∫ ∞
0
dθ cosh θ e−x cosh θ
is the modied Bessel-funtion, and the summation is over the partile speies i (there is
only a single term in the saling Lee-Yang model). This agrees very well with the numerial
data, as demonstrated in table 3.1 and also in gure 3.2. Using Lüsher's nite-volume
perturbation theory introdued in [4℄, the orretion term an be interpreted as the sum of
Feynman diagrams where there is exatly one propagator that winds around the ylinder,
and therefore eqn. (3.10) an be represented graphially as shown in gure 3.3. On the
other hand, by Eulidean invariane this nite size orretion oinides with the rst term
in the low-T expansion for one-point funtions at nite temperature (see subsetions 5.1.1
and 5.2.2).
To measure the one-partile form fator we use the orrespondene (2.16) between the
nite and innite volume form fators to dene the dimensionless funtion
f˜ s1 (l) = −im2/5
(
l2 + (2πs)2
)1/4 〈0|Φ|{s}〉L
where |{s}〉L is the nite volume one-partile state with quantum number I = s i.e. from
the spin-s setor. The theoretial predition for this quantity is
f˜ s1 (l) = 1.0376434349 · · ·+O(e−l) (3.11)
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Figure 3.3: Graphial representation of eqn. (3.10).
l φ(l) (predited) φ(l) (TCSA)
2 1.048250 1.112518
3 1.184515 1.195345
4 1.222334 1.224545
5 1.233867 1.234396
6 1.237558 1.237698
7 1.238774 1.238811
8 1.239182 1.239189
9 1.239321 1.239317
10 1.239369 1.239360
11 1.239385 1.239373
12 1.239391 1.239375
Table 3.1: Comparison of eqn. (3.10) to TCSA data
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Figure 3.4: One-partile form fator from setors with spin s = 0, 1, 2. The ontinuous
line shows the exat innite volume predition.
The numerial results (after extrapolation in the uto) are shown in gure 3.4. The
saling region gives the following estimates for the innite volume limit:
f˜ 01 (l =∞) = 1.037654 . . .
f˜ 11 (l =∞) = 1.037650 . . .
f˜ 21 (l =∞) = 1.037659 . . .
whih show good agreement with eqn. (3.11) (the relative deviation is again around 10−5,
as for the vauum expetation value).
3.2.2 Ising model in magneti eld
For the Ising model, we again start with heking the dimensionless vauum expeta-
tion value for whih, using eqn. (3.8) we have the predition
φ(l) =
1
m
〈ǫ〉L = 0.45475 · · ·+O
(
e−l
)
where m = m1 is the mass of the lightest partile and l = mL as before. The TCSA
data are shown in gure 3.5. Note that there is substantial dependene on the uto ecut
and also that extrapolation in ecut is really required to ahieve good agreement with the
innite volume limit. Reading o the plateau value from the extrapolated data gives the
estimate
1
m
〈ǫ〉 = 0.4544 . . .
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Figure 3.5: Measuring the vauum expetation value of ǫ in the Ising model
for the innite volume vauum expetation value, whih has 8 · 10−4 relative deviation
from the exat result. Our rst numerial omparison thus already tells us that we an
expet muh larger trunation errors than in the Lee-Yang ase. It is also lear from gure
3.5 that in order to attain suitable preision in the Ising model extrapolation in the uto
is very important.
Dening the funtion
φ¯(l) = 〈ǫ〉L/〈ǫ〉
we an alulate the leading exponential orretion using eqn. (3.10) and the exat two-
partile form fators from [99℄. It only makes sense to inlude partiles i = 1, 2, 3 sine
the ontribution of the fourth partile is sub-leading with respet to two-partile terms
from the lightest partile due to m4 > 2m1. The result is shown in gure 3.6; we do not
give the data in numerial tables, but we mention that the relative deviation between the
predited and measured value is better than 10−3 in the range 5 < l < 10.
From now on we normalize all form fators of the operator ǫ by the innite volume
vauum expetation value (3.8), i.e. we onsider form fators of the operator
Ψ = ǫ/〈ǫ〉 (3.12)
whih onforms with the onventions used in [92, 99℄. We dene the dimensionless one-
partile form fator funtions as
f˜ si (l) =
((
mil
m1
)2
+ (2πs)2
)1/4
〈0|Ψ|{s}〉i,L
In the plots of gure 3.7 we show how these funtions measured from TCSA ompare to
preditions from the exat form fators for partiles i = 1, 2, 3 and spins s = 0, 1, 2, 3.
It is evident that the saling region sets in muh later than for the Lee-Yang model;
therefore for the Ising model we do not plot data for low values of the volume (all plots
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Figure 3.6: The volume dependene of the vauum expetation value of ǫ in the Ising
model, showing the extrapolated value and the predition from eqn. (3.10), normalized
by the value in the innite volume limit.
start from l ∼ 10...15). This also means that trunation errors in the saling region are
also muh larger than in the saling Lee-Yang model; we generally found errors larger by
an order of magnitude after extrapolation in the uto. We remark that extrapolation
improves the preision by an order of magnitude ompared to the raw data at the highest
value of the uto.
Note the rather large nite size orretion in the ase of A3. This an be explained
rather simply as the presene of a µ-term. Based on Lüsher's nite-volume perturbation
theory [4℄ it is expeted, that similar to the µ-term for the masses of stable partiles (1.11),
the leading ontribution (whih is assoiated to the diagram depited in gure 3.8) has
the volume dependene
e−µ311L , µ311 =
√
m21 −
m23
4
= 0.10453 · · · ×m1
Therefore we an expet a ontribution suppressed only by e−0.1l. A numerial t of the
l-dependene in the s = 0 ase is perfetly onsistent with this expetation. As a result,
no saling region an be found, beause trunation errors are too large in the volume
range where the exponential orretion is suitably small. We do not elaborate on this
issue further here: hapter 4 is devoted to the study of exponential orretions.
60 CHAPTER 3. FINITE VOLUME FORM FACTORS  NUMERICAL ANALYSIS
 3.64
 3.66
 3.68
 3.7
 3.72
 3.74
 3.76
 3.78
 3.8
 10  15  20  25  30  35
PSfrag replaements
f˜ 1
f˜2
f˜3
l
s=0
s=1
s=2
s=3
exat
(a) A1
 3.25
 3.3
 3.35
 3.4
 3.45
 3.5
 3.55
 3.6
 3.65
 15  20  25  30  35
PSfrag replaements
f˜1
f˜ 2
f˜3
l
s=0
s=1
s=2
s=3
exat
(b) A2
 2.2
 2.4
 2.6
 2.8
 3
 3.2
 3.4
 3.6
 3.8
 4
 20  25  30  35  40
PSfrag replaements
f˜1
f˜2
f˜ 3
l
s=0
s=1
s=2
s=3
exat
() A3
Figure 3.7: One-partile form fators measured from TCSA (dots) ompared to the
innite-volume predition from exat form fators. All numerial data have been extrap-
olated to ecut = ∞ and s denotes the Lorentz spin of the state onsidered. The relative
deviation in the saling region is around 10−3 for A1 and A2; there is no saling region for
A3 (see the disussion in the main text).
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Figure 3.8: Leading nite size orretion (a so-alled µ-term) to the one-partile form
fator of A3, whih results from the proess of splitting up into two opies of A1 whih
then wind around the ylinder one before reombining into A3 again.
3.3 Two-partile form fators
3.3.1 Saling Lee-Yang model
Following the ideas in the previous subsetion, we an again dene a dimensionless
funtion for eah two-partile state as follows:
f2(l)I1I2 = −im2/5〈0|Φ|{I1, I2}〉L , l = mL
Relation (2.16) gives the following predition in terms of the exat form-fators:
f2(l)I1I2 =
−im2/5√
ρ11(θ˜1(l), θ˜2(l))
FΦ2 (θ˜1(l), θ˜2(l)) +O(e
−l) (3.13)
where θ˜1(l), θ˜2(l) solve the Bethe-Yang equations
l sinh θ˜1 + δ(θ˜1 − θ˜2) = 2πI1
l sinh θ˜2 + δ(θ˜2 − θ˜1) = 2πI2
and the density of states is given by
ρ11(θ1, θ2) = l
2 cosh θ1 cosh θ2 + l cosh θ1ϕ(θ2 − θ1) + l cosh θ2ϕ(θ1 − θ2)
the phase shift δ is dened aording to eqn. (1.24) and
ϕ(θ) =
dδ(θ)
dθ
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There is a further issue to take into aount: the relative phases of the multi-partile states
are a matter of onvention and the hoie made in subsetion 3.1.5 for the TCSA eigen-
vetors may dier from the onvention adapted in the form fator bootstrap. Therefore in
the numerial work we ompare the absolute values of the funtions f2(l) omputed from
TCSA with those predited from the exat form fators. Note that this issue is present
for any non-diagonal matrix element, and was in fat taitly dealt with in the ase of
one-partile matrix elements treated in subsetion 3.2.1.
The predition (3.13) for the nite volume two-partile form fators is ompared with
spin-0 states graphially in gure 3.9 and numerially in table 3.2, while the spin-1 and
spin-2 ase is presented in gure 3.10 and in table 3.3. These ontain no more than
a representative sample of our data: we evaluated similar matrix elements for a large
number of two-partile states for values of the volume parameter l running from 1 to 30.
The behaviour of the relative deviation is onsistent with the presene of a orretion of
e−l type up to l ∼ 9 . . . 10 (i.e. the logarithm of the deviation is very lose to being a linear
funtion of l), and after l ∼ 16 . . . 18 it starts to inrease due to trunation errors. This
is demonstrated in gure 3.11 using the data presented in table 3.3 for spin-1 and spin-2
states
1
, but it is equally valid for all the other states we examined. In the intermediate
region l ∼ 10 . . . 16 the two soures of numerial deviation are of the same order, and so
that range an be onsidered as the optimal saling region: aording to the data in the
tables agreement there is typially around 10−4 (relative deviation). It is also apparent
that saling behaviour starts at quite low values of the volume (around l ∼ 4 the relative
deviation is already down to around 1%).
It an be veried by expliit evaluation that in the saling region the Bethe-Yang den-
sity of states (ρ) given in (2.15) diers by orretions of relative magnitude 10−1 − 10−2
(analytially: of order 1/l) from the free density of states (ρ0) in (2.14), and therefore
without using the proper interating density of states it is impossible to obtain the prei-
sion agreement we demonstrated. In fat the observed 10−4 relative deviation orresponds
to orretions of order l−4 at l = 10, but it is of the order of estimated trunation errors2.
These results are very strong evidene for the main statement in (3.13) (and thus also
(2.16)), namely, that all 1/L orretions are aounted by the proper interating state
density fator and that all further nite size orretions are just residual nite size eets
deaying exponentially in L. In setion 3.4 we show that data from higher multi-partile
form fators fully support the above onlusions drawn from the two-partile form fators.
1
Note that the dependene of the logarithm of the deviation on the volume is not exatly linear beause
the residual nite size orretion an also ontain a fator of some power of l, and so it is expeted that
a log l ontribution is also present in the data plotted in gure 3.11.
2
Trunation errors an be estimated by examining the dependene of the extrated data on the uto
ecut, as well as by omparing TCSA energy levels to the Bethe-Yang preditions.
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Figure 3.9: Two-partile form fators in the spin-0 setor. Dots orrespond to TCSA data,
while the lines show the orresponding form fator predition.
I1 = 1/2 , I2 = −1/2 I1 = 3/2 , I2 = −3/2 I1 = 5/2 , I2 = −5/2
l TCSA FF TCSA FF TCSA FF
2 0.102780 0.120117 0.058158 0.066173 0.039816 0.045118
4 0.085174 0.086763 0.058468 0.059355 0.042072 0.042729
6 0.056828 0.056769 0.050750 0.050805 0.039349 0.039419
8 0.036058 0.035985 0.042123 0.042117 0.035608 0.035614
10 0.023168 0.023146 0.034252 0.034248 0.031665 0.031664
12 0.015468 0.015463 0.027606 0.027604 0.027830 0.027828
14 0.010801 0.010800 0.022228 0.022225 0.024271 0.024267
16 0.007869 0.007867 0.017976 0.017972 0.021074 0.021068
18 0.005950 0.005945 0.014652 0.014645 0.018268 0.018258
20 0.004643 0.004634 0.012061 0.012050 0.015844 0.015827
Table 3.2: Two-partile form fators |f2(l)| in the spin-0 setor
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Figure 3.10: Two-partile form fators in the spin-1 and spin-2 setors. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
I1 = 3/2 , I2 = −1/2 I1 = 5/2 , I2 = −3/2 I1 = 5/2 , I2 = −1/2 I1 = 7/2 , I2 = −3/2
l TCSA FF TCSA FF TCSA FF TCSA FF
2 0.077674 0.089849 0.048170 0.054711 0.064623 0.074763 0.042031 0.047672
4 0.072104 0.073571 0.049790 0.050566 0.062533 0.063932 0.044034 0.044716
6 0.056316 0.056444 0.045031 0.045100 0.051828 0.052009 0.040659 0.040724
8 0.042051 0.042054 0.039191 0.039193 0.041370 0.041394 0.036284 0.036287
10 0.031146 0.031144 0.033469 0.033467 0.032757 0.032759 0.031850 0.031849
12 0.023247 0.023245 0.028281 0.028279 0.026005 0.026004 0.027687 0.027684
14 0.017619 0.017616 0.023780 0.023777 0.020802 0.020799 0.023941 0.023936
16 0.013604 0.013599 0.019982 0.019977 0.016808 0.016802 0.020659 0.020652
18 0.010717 0.010702 0.016831 0.016822 0.013735 0.013724 0.017835 0.017824
20 0.008658 0.008580 0.014249 0.014227 0.011357 0.011337 0.015432 0.015413
Table 3.3: Two-partile form fators |f2(l)| in the spin-1 and spin-2 setors
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Figure 3.11: Estimating the error term in (3.13) using the data in table 3.3. The various
plot symbols orrespond to the same states as speied in gure 3.10.
3.3.2 Ising model in magneti eld
In this ase, there is some further subtlety to be solved before proeeding to the
numerial omparison. Namely, there are spin-0 states whih are parity reetions of eah
other, but are degenerate aording to the Bethe-Yang equations. An example is the state
|{1,−1}〉12 in gure 3.12 (b), whih is degenerate with |{−1, 1}〉12 to all orders in 1/L. In
general the degeneray of these states is lifted by residual nite size eets (more preisely
by quantum mehanial tunneling  a detailed disussion of this mehanism was given
in the framework of the k-folded sine-Gordon model in [102℄). Sine the nite volume
spetrum is parity symmetri, the TCSA eigenvetors orrespond to the states
|{1,−1}〉±12, L =
1√
2
(|{1,−1}〉12, L ± |{−1, 1}〉12, L)
Beause the Hilbert spae inner produt is positive denite, the TCSA eigenvetors
|{1,−1}〉±12 an be hosen orthonormal and the problem an be resolved by alulating
the form fator matrix element using the two-partile state vetors
1√
2
(|{1,−1}〉+12, L ± |{1,−1}〉−12, L)
Beause the Ising spetrum is muh more ompliated than that of the saling Lee-Yang
model (and trunation errors are larger as well), we only identied two-partile states
ontaining two opies of A1 , or an A1 and an A2. The numerial results are plotted
in gures 3.12 (a) and (b), respetively. The nite volume form fator funtions of the
operator Ψ (3.12) are dened as
f¯11 (l)I1I2 =
√
ρ11(θ˜1(l), θ˜2(l))〈0|Ψ|{I1, I2}〉11
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where
l sinh θ˜1 + δ11(θ˜1 − θ˜2) = 2πI1
l sinh θ˜2 + δ11(θ˜2 − θ˜1) = 2πI2
ρ11(θ1, θ2) = l
2 cosh θ1 cosh θ2 + l cosh θ1ϕ11(θ2 − θ1) + l cosh θ2ϕ11(θ1 − θ2)
ϕ11(θ) =
dδ11(θ)
dθ
and
f¯12 (l)I1I2 =
√
ρ11(θ˜1, θ˜2)〈0|Ψ|{I1, I2}〉12
with
l sinh θ˜1 + δ12(θ˜1 − θ˜2) = 2πI1
m2
m1
l sinh θ˜2 + δ12(θ˜2 − θ˜1) = 2πI2
ρ12(θ1, θ2) =
m2
m1
l2 cosh θ1 cosh θ2 + l cosh θ1ϕ12(θ2 − θ1) + m2
m1
l cosh θ2ϕ12(θ1 − θ2)
ϕ12(θ) =
dδ12(θ)
dθ
and are ompared against the form fator funtions
FΨ2 (θ˜1(l), θ˜2(l))11
and
FΨ2 (θ˜1(l), θ˜2(l))12
respetively.
Although (as we already noted) trunation errors in the Ising model are muh larger
than in the Lee-Yang ase, extrapolation in the uto improves them by an order of
magnitude ompared to the evaluation at the highest uto (in our ase 30). After ex-
trapolation, deviations in the saling region beome less than 1% (with a minimum of
around 10−3 in the A1A1, and 10
−4
in the A1A2 ase), and even better for states with
nonzero total spin. As noted in the previous subsetion this means that the numeris is
really sensitive to the dependene of the partile rapidities and state density fators on
the interation between the partiles; generally the trunation errors in the extrapolated
data are about two orders of magnitude smaller than the interation orretions.
It is a general tendeny that the agreement is better in the setors with nonzero spin,
and the saling region starts at smaller values of the volume. This is easy to understand for
the energy levels, sine for low-lying states nonzero spin generally means higher partile
momenta. The higher the momenta of the partiles, the more the Bethe-Yang ontribu-
tions dominate over the residual nite size eets. This is onsistent with the results of
Rummukainen and Gottlieb in [103℄ where it was found that resonane phase shifts an
be more readily extrated from setors with nonzero momentum; our data show that this
observation arries over to general matrix elements as well.
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Figure 3.12: Two-partile form fators in the Ising model. Dots orrespond to TCSA data,
while the lines show the orresponding form fator predition.
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3.4 Many-partile form fators
3.4.1 Saling Lee-Yang model
We also performed numerial evaluation of three and four-partile form fators in
the saling Lee-Yang model; some of the results are presented in gures 3.13 and 3.14,
respetively. For the sake of brevity we refrain from presenting expliit numerial tables;
we only mention that the agreement between the numerial TCSA data and the predition
from the exat form fator solution is always better than 10−3 in the saling region. For
better visibility we plotted the funtions
f˜k(l)I1...Ik = −im2/5
√
ρk(θ˜1, . . . , θ˜k)〈0|Φ|{I1, . . . , Ik}〉L , l = mL
for whih relation (2.16) gives:
f˜k(l)I1...Ik = −im2/5FΦk (θ˜1, . . . , θ˜k) +O(e−l) (3.14)
Due to the fat that in the Lee-Yang model there is only a single partile speies, we
introdued the simplied notation ρn for the n-partile Jaobi determinant.
The ompliation noted in subsetion 3.2.2 for the Ising state |{1,−1}〉12 is present in
the Lee-Yang model as well. The Bethe-Yang equations give degenerate energy values for
the states |{I1, . . . , Ik}〉L and |{−Ik, . . . ,−I1}〉L (as noted before, the degeneray is lifted
by quantum mehanial tunneling). For states with nonzero spin this auses no problem,
beause these two states are in setors of dierent spin (their spins dier by a sign) and
similarly there is no diulty when the two quantum number sets are idential, i.e.
{I1, . . . , Ik} = {−I1, . . . ,−Ik}
sine then there is a single state. However, there are states in the zero spin setor (i.e.
with
∑
k Ik = 0) for whih
{I1, . . . , Ik} 6= {−I1, . . . ,−Ik}
We use two suh pairs of states in our data here: the three-partile states |{3,−1,−2}〉L,
|{2, 1,−3}〉L and the four-partile states |{7/2, 1/2,−3/2,−5/2}〉L, |{5/2, 3/2,−1/2,−7/2}〉L.
Again, the members of suh pairs are related to eah other by spatial reetion, whih
is a symmetry of the exat nite-volume Hamiltonian and therefore (supposing that the
eigenvetors are orthonormal) the nite volume eigenstates orrespond to
|{I1, . . . , Ik}〉±L =
1√
2
(|{I1, . . . , Ik}〉L ± |{−Ik, . . . ,−I1}〉L)
and this must be taken into aount when evaluating the form fator matrix elements. In
the Lee-Yang ase, however, the inner produt is not positive denite (and some nonzero
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Figure 3.13: Three-partile form fators in the spin-0 setor. Dots orrespond to TCSA
data, while the lines show the orresponding form fator predition.
vetors may have zero length, although this does not happen for TCSA eigenvetors,
beause they are orthogonal to eah other and the inner produt is non-degenerate), but
there is a simple proedure that an be used in the general ase. Suppose the two TCSA
eigenvetors orresponding to suh a pair are v1 and v2. Then we an dene their inner
produt matrix as
gij = viG
(0)vj
using the TCSA inner produt (3.2). The appropriate basis vetors of this two-dimensional
subspae, whih an be identied with |{I1, . . . , Ik}〉L and |{−Ik, . . . ,−I1}〉L, an be found
by solving the two-dimensional generalized eigenvalue problem
g · w = λP · w
for the vetor (w1, w2) desribing orientation in the subspae, with
P =
(
0 1
1 0
)
This proedure has the eet of rotating from the basis of parity eigenvetors to basis
vetors whih are taken into eah other by spatial reetion.
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Figure 3.14: Four-partile form fators in the spin-0 setor. Dots orrespond to TCSA
data, while the lines show the orresponding form fator predition.
3.4.2 Ising model in a magneti eld
As we already noted, it is muh harder to identify
3
higher states in the Ising model
due to the omplexity of the spetrum, and so we only performed an analysis of states
ontaining three A1 partiles. We dene
f˜111 (l)I1I2I3 =
√
ρ111(θ˜1(l), θ˜2(l), θ˜3(l))〈0|Ψ|{I1, I2, I3}〉111
where θ˜i(l) are the solutions of the three-partile Bethe-Yang equations in (dimensionless)
volume l and ρ111 is the appropriate 3-partile determinant. The results of the omparison
an be seen in gure 3.15. The numerial preision indiated for two-partile form fators
at the end of subsetion 3.2.2, as well as the remarks made there on the spin dependene
apply here as well; we only wish to emphasize that for A1A1A1 states with nonzero total
spin the agreement between the extrapolated TCSA data and the form fator predition
in the optimal part of the saling region is within 2× 10−4.
3
To identify A1A1A1 states it is neessary to use at least ecut = 22 or 24 and even then the agreement
with the Bethe-Yang predition is still only within 20%, but the identiation an be made for the rst few
A1A1A1 states using data up to ecut = 30. Trunation errors are substantially dereased by extrapolation
to ecut =∞.
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Figure 3.15: Three-partile form fators in the Ising model. Dots orrespond to TCSA
data, while the lines show the orresponding form fator predition.
3.5 General form fators without disonneted piees
3.5.1 Saling Lee-Yang model
In this model there is a single partile speies, so we an introdue the following
notations:
fkn(l)
I′1,...,I
′
k
I1,...,In
= −im2/5〈{I ′1, . . . , I ′k}|Φ(0, 0)|{I1, . . . , In}〉L
and also
f˜kn(l)
I′1,...,I
′
k
I1,...,In
= −im2/5
√
ρk(θ˜′1, . . . , θ˜
′
k)
√
ρn(θ˜1, . . . , θ˜n)〈{I ′1, . . . , I ′k}|Φ(0, 0)|{I1, . . . , In}〉L
for whih relation (2.18) yields
fkn(l)
I′1,...,I
′
k
I1,...,In
= −im2/5F
Φ
k+n(θ˜
′
k + iπ, . . . , θ˜
′
1 + iπ, θ˜1, . . . , θ˜n)√
ρn(θ˜1, . . . , θ˜n)ρk(θ˜′1, . . . , θ˜
′
m)
+O(e−l)
f˜kn(l)
I′1,...,I
′
k
I1,...,In
= −im2/5FΦk+n(θ˜′k + iπ, . . . , θ˜′1 + iπ, θ˜1, . . . , θ˜n) +O(e−l) (3.15)
For the plots we hose to display f or f˜ depending on whih one gives a better visual
piture. The numerial results shown here are just a fration of the ones we atually
obtained, but all of them show an agreement with preision 10−4 − 10−3 in the saling
region (the volume range orresponding to the saling region typially varies depending
on the matrix element onsidered due to variation in the residual nite size orretions
and trunation eets).
The simplest ases involve one and two-partile states: the one-partileone-partile
data in gure 3.16 atually test the two-partile form fator FΦ2 , while the one-partile
two-partile plot 3.17 orresponds to FΦ3 (we obtained similar results on F
Φ
4 using matrix
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Figure 3.16: One-partileone-partile form fators in Lee-Yang model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
elements f22). Note that in ontrast to the omparisons performed in subsetions 3.2 and
3.3, these ases involve the form fator solutions (3.5) at omplex values of the rapidities.
In general, all tests performed with TCSA an test form fators at rapidity arguments
with imaginary parts 0 or π, whih are the only parts of the omplex rapidity plane where
form fators eventually orrespond to physial matrix elements.
One-partilethree-partile and one-partilefour-partile matrix elements f13 and f14
ontribute another piee of useful information. We reall that there are pairs of parity-
related states in the spin-0 fators whih we annot distinguish in terms of their elementary
form fators. In subsetion 3.3 we showed the example of the three-partile states
|{3,−1,−2}〉L and |{2, 1,−3}〉L
and the four-partile states
|{7/2, 1/2,−3/2,−5/2}〉L and |{5/2, 3/2,−1/2,−7/2}〉L
In fat it is only true that they annot be distinguished if the left state is parity-invariant.
However, using a one-partile state of nonzero spin on the left it is possible to distinguish
and appropriately label the two states, as shown in gures 3.18 and 3.19. This an also
be done using matrix elements with two-partile states of nonzero spin: the two-partile
three-partile ase f23 is shown in 3.20 (similar results were obtained for f24). Examining
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Figure 3.17: One-partiletwo-partile form fators in Lee-Yang model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
the data in detail shows that the identiations provided using dierent states on the left
are all onsistent with eah other.
It is also interesting to note that the f14 (gure 3.19) and f23 data (gure 3.20)
provide a test for the ve-partile form fator solutions F5. This is important sine it
is progressively harder to identify many-partile states in the TCSA spetrum for two
reasons. First, the spetrum itself beomes more and more dense as we look for higher
levels; seond, the trunation errors grow as well. Both of these make the identiation of
the energy levels by omparison with the preditions of the Bethe-Yang equations more
diult; in the Lee-Yang ase we stopped at four-partile levels. However, using general
matrix elements and the relations (3.15) we an even get data for form fators up to 8
partiles, a sample of whih is shown in gures 3.21 (f33 and f44, orresponding to 6 and
8 partile form-fators) and 3.22 (f34 whih orresponds to 7 partile form fators).
3.5.2 Ising model in magneti eld
In the ase of the Ising model, we dene the funtions
f˜j1...jm;i1...in(l) =
√
ρi1...in(θ˜1, . . . , θ˜n)ρj1...jm(θ˜
′
1, . . . , θ˜
′
m)× j1...jm〈{I ′1, . . . , I ′m}|Ψ|{I1, . . . , In}〉i1...in,L
whih are ompared against form fators
FΨm+n(θ˜
′
m + iπ, . . . , θ˜
′
1 + iπ, θ˜1, . . . , θ˜n)jm...j1i1...in
where θ˜i and θ˜
′
j denote the rapidities obtained as solutions of the appropriate Bethe-Yang
equations at the given value of the volume. We hose states for whih the neessary form
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Figure 3.18: One-partilethree-partile form fators in Lee-Yang model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
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Figure 3.19: One-partilefour-partile form fators in Lee-Yang model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
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Figure 3.20: Two-partilethree-partile form fators in Lee-Yang model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
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Figure 3.21: Three-partilethree-partile and four-partilefour-partile form fators in
Lee-Yang model. Dots orrespond to TCSA data, while the lines show the orresponding
form fator predition.
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Figure 3.22: Three-partilefour-partile form fators in Lee-Yang model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
fator solution was already known (and given in [99℄) i.e. we did not onstrut new form
fator solutions ourselves.
One-partileone-partile form fators are shown in gure 3.23; these provide another
numerial test for the two-partile form fators examined previously in subsetion 3.2.2.
One-partiletwo-partile form fators, besides testing again the three-partile form fator
A1A1A1 (gure 3.24 (a)) also provide information on A1A1A2 (gure 3.24 (b)).
Finally, one-partilethree-partile and two-partiletwo-partile matrix elements an
be ompared to the A1A1A1A1 form fator, whih again shows that by onsidering general
matrix elements we an go substantially higher in the form fator tree than using only
elementary form fators.
We remark that the usps on the horizontal axis in the form fator plots orrespond
to zeros where the form fators hange sign; they are artifats introdued by taking the
absolute value of the matrix elements. The pattern of numerial deviations between TCSA
data and exat form fator preditions is fully onsistent with the disussion in the losing
paragraphs of subsetions 3.2.2 and 3.3.2. The deviations in the saling region are around
1% on average, with agreement of the order of 10−3 in the optimal range.
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(a) A1 −A1 matrix elements
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Figure 3.23: One-partileone-partile form fators in the Ising model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
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(a) A1 −A1A1 matrix elements
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Figure 3.24: One-partiletwo-partile form fators in the Ising model. Dots orrespond
to TCSA data, while the lines show the orresponding form fator predition.
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Figure 3.25: One-partilethree-partile and two-partiletwo-partile form fators in the
Ising model. Dots orrespond to TCSA data, while the lines show the orresponding form
fator predition.
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3.6 Diagonal matrix elements
Here we ompare the preditions of setion 2.3 for the diagonal form fators to the
numerial data obtained from TCSA.
3.6.1 Diagonal one-partile and two-partile form fators
Figure (3.26) shows the omparison of eqn. (2.32) to numerial data obtained from
Lee-Yang TCSA: the mathing is spetaular, espeially in the so-alled saling region (the
volume range where residual nite size orretions are of the order of trunation errors, f.
[104℄) where the relative deviation is less than 10−4. Diagonal one-partile matrix elements
for the Ising model are shown in gure 3.27.
Formula (2.33) desribing diagonal two-partile matrix elements is tested against nu-
merial data in the Lee-Yang model in gure 3.28, and the agreement is as preise as
it was for the one-partile ase. Similar results an be found in the Ising ase; they are
shown in gure 3.29.
3.6.2 The general result
Formula 2.36 an be tested against matrix elements with n = 3 and n = 4 in the Lee-
Yang model, whih are displayed in gures 3.30 and 3.31, respetively. The agreement is
exellent as before, with the relative deviation in the saling region being of the order of
10−4.
3.7 Zero-momentum partiles
In this setion we test the preditions of se. 2.4 for disonneted piees assoiated to
zero-momentum partiles.
3.7.1 Lee-Yang model
First we test eqn. (2.53) using low-lying symmetri states with a zero-momentum
partile present. Data for matrix elements of the type
〈{0}|Φ|{−I, 0, I}〉L and 〈{−I ′, 0, I ′}|Φ|{−I, 0, I}〉L
are shown in gures 3.32 and 3.33, respetively. The agreement is preise as in all previous
ases.
The support for eqn. (2.53) an be strengthened using 5-partile states. It is not easy
to nd them beause they are high up in the spetrum, and identiation using the
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Figure 3.26: Diagonal 1-partile matrix elements in the saling Lee-Yang model. The
disrete points orrespond to the TCSA data, while the ontinuous line orresponds to
the predition from exat form fators.
proess of mathing against Bethe-Yang preditions (as desribed in subsetion 3.1.5)
beomes ambiguous. We ould identify the rst 5-partile state by ombining the Bethe-
Yang mathing with preditions for matrix elements with no disonneted piees given by
eqn. (2.18), as shown in gure 3.34. Some are must be taken in hoosing the other state
beause many hoies give matrix elements that are too small to be measured reliably
in TCSA: sine vetor omponents and TCSA matries are mostly of order 1 or slightly
less, getting a result of order 10−4 or smaller involves a lot of anellation between a large
number of individual ontributions, whih inevitably leads to the result being dominated
by trunation errors. Despite these diulties, ombining Bethe-Yang level mathing with
form fator evaluation we ould identify the rst ve-partile level up to l = 20.
The simplest matrix element involving a ve-partile state and zero-momentum dis-
onneted piees is the 1-5 one, but the predition of eqn. (2.53) turns out to be too small
to be usefully ompared to TCSA. However, it is possible to nd 3-5 matrix elements
that are suiently large, and the data shown in gure 3.35 onrm our onjeture with
a relative preision of somewhat better than 10−3 in the saling region.
We lose by noting that sine the agreement is better than one part in 103 in the
saling region, whih is typially found in the range of volume l ∼ 10 . . . 20, and also this
preision holds for quite a large number of independent matrix elements, the presene of
82 CHAPTER 3. FINITE VOLUME FORM FACTORS  NUMERICAL ANALYSIS
-2
-1.5
-1
-0.5
 0
 0.5
 1
 10  15  20  25  30  35
PSfrag replaements
l
f 1
,1
1〈{0}|Ψ|{0}〉1
1〈{1}|Ψ|{1}〉1
1〈{2}|Ψ|{2}〉1
1〈{3}|Ψ|{3}〉1
(a) A1A1
-0.1
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 15  20  25  30  35
PSfrag replaements
l
f1,1
1〈{0}|Ψ|{0}〉1
1〈{1}|Ψ|{1}〉1
1〈{2}|Ψ|{2}〉1
1〈{3}|Ψ|{3}〉1
l
f 2
,2
2〈{0}|Ψ|{0}〉2
2〈{1}|Ψ|{1}〉2
2〈{2}|Ψ|{2}〉2
2〈{3}|Ψ|{3}〉2
(b) A2A2
Figure 3.27: Diagonal 1-partile matrix elements in the Ising model. The disrete points
orrespond to the TCSA data, while the ontinuous line orresponds to the predition
from exat form fators.
3.7. ZERO-MOMENTUM PARTICLES 83
5 10 15 20 25 30
0.2
0.4
0.6
0.8
1
PSfrag replaements
f22
l
〈{1
2
,−1
2
}|Φ|{1
2
,−1
2
}〉
〈{1
2
,−1
2
}|Φ|{3
2
,−3
2
}〉
〈{3
2
,−1
2
}|Φ|{3
2
,−1
2
}〉
〈{5
2
,−3
2
}|Φ|{5
2
,−3
2
}〉
Figure 3.28: Diagonal 2-partile matrix elements in the saling Lee-Yang model. The
disrete points orrespond to the TCSA data, while the ontinuous line orresponds to
the predition from exat form fators.
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Figure 3.29: Diagonal 2-partile matrix elements in the Ising model. The disrete points
orrespond to the TCSA data, while the ontinuous line orresponds to the predition
from exat form fators.
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Figure 3.30: Diagonal 3-partile matrix elements in the saling Lee-Yang model. The
disrete points orrespond to the TCSA data, while the ontinuous line orresponds to
the predition from exat form fators.
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Figure 3.31: Diagonal 4-partile matrix elements in the saling Lee-Yang model. The
disrete points orrespond to the TCSA data, while the ontinuous line orresponds to
the predition from exat form fators.
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Figure 3.32: 1-partile3-partile matrix elements in the saling Lee-Yang model. The
disrete points orrespond to the TCSA data, while the ontinuous line orresponds to
the predition from exat form fators.
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Figure 3.33: 3-partile3-partile matrix elements in the saling Lee-Yang model. The
disrete points orrespond to the TCSA data, while the ontinuous line orresponds to
the predition from exat form fators.
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Figure 3.34: Identifying the 5-partile state using form fators. The disrete points or-
respond to the TCSA data, while the ontinuous line orresponds to the predition from
exat form fators.
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Figure 3.35: 3-parti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le matrix elements in the saling Lee-Yang model. The
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rete points 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ontinuous line 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the predition from exat form fa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Figure 3.36: A1 −A1A1A1 matrix element in Ising model with a zero-momentum partile
additional ϕ terms in eqn. (2.53) an be ondently exluded.
3.7.2 Ising model in magneti eld
We rst test our analyti results on the example of the matrix element
1〈{0}|Φ|{−1, 0, 1}〉111,L
Sine all partiles are of speies A1, formula (2.53) is appliable here. In gure 3.36 we
plot the numerial results against the analyti predition.
Due to the fat that the Ising model has more than one partile speies, it is possible
to have more than one stationary partiles in the same state. Our TCSA data allow us
to loate one suh state, with a stationary A1 and A2 partile, for whih we have the
predition
f1,12 = 1〈{0}|Ψ|{0, 0}〉12 = 1
m1L
√
m2L
(
lim
ǫ→0
F3(iπ + ǫ, 0, 0)112 +m1LF1(0)2
)
where F1(0)2 is the one-partile form fator orresponding to A2. This is ompared to
TCSA data in gure 3.37 and a onvining agreement is found.
Note that in both of gures 3.36 and 3.37 there is a point whih obviously deviates
from the predition. This is a purely tehnial issue, and is due to the presene of a line
rossing lose to this partiular value of the volume whih makes the uto dependene
more ompliated and so slightly upsets the extrapolation in the uto.
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Chapter 4
Residual nite size eets
The Bethe-Yang equations desribe multi-partile energies in nite volume to all orders
in 1/L. The same holds for the results presented in setion 2: formulas (2.18), (2.36) and
(2.53) determine the nite volume form fators to all orders in 1/L. The aim of this
hapter is to derive the µ-term (whih is the leading exponential orretion) assoiated
to moving one-partile states, generi multi-partile sattering states, and nite volume
form fators.
The analyti results are derived using the priniple of bound state quantization in
nite volume. To onrm the alulations, all our formulas are tested against TCSA data.
We wish to remark, that there has been a reent interest in exponential orretions also
in the framework of AdS/CFT orrespondene. The µ-term and F-term for moving one-
partile states was derived in [105℄ and [106℄, for multi-partile states in [107℄ and [108℄.
For the µ-term these results oinide with ours, but they an be onsidered as independent;
they use ompletely dierent methods: generalizations of Lüsher's approah, summation
of the vauum utuations and alulations based on the TBA for exited states.
4.1 One-partile states
The energy of a moving one-partile state |{I}〉c,L is given to all orders by
E =
√
m2c + p
2
c with pc =
2πI
L
(4.1)
Here we determine the leading µ-term assoiated to (4.1) Based on the desription of mass
orretions it is expeted that this ontribution is assoiated to the fusion AaAb → Ac
with the smallest µcab. We assume that a = b, ie. the fusion in question is a symmetri one.
This happens to be true for the lightest partile in models with the Φ3-property and
for other low lying states in most known models. A possible extension to non-symmetri
fusions has not yet been arried out, it is left for further researh.
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The (innite volume) bootstrap priniple for a symmetri fusion onsists of the iden-
tiation
|θ〉c ∼ |θ + iu¯aac, θ − iu¯aac〉aa (4.2)
resulting in
mc = 2ma cos(u¯
a
ac) (µ
c
aa)
2 = m2a −
m2c
4
Smallness of µcaa means that mc is lose to 2ma, in other words the binding energy is
small.
For a moment let us lay aside the framework of QFT and onsider quantum mehanis
with an attrative potential. Bound states are desribed by wave funtions
Ψ(x1, x2) = e
iP (x1+x2)ψ(x1 − x2)
where P is the total momentum and ψ(x) is the appropriate solution of the Shrödinger
equation in the relative oordinate. It is loalized around x = 0 and shows exponential
deay at innity. Exept for the region x1 ≈ x2, the wave funtion an be approximated
with a produt of plane waves with imaginary momenta p1,2 = P ± ik. The interation
results in the quantization of the allowed values of k.
The theory in nite volume is desribed along the same lines. There are however two
dierenes:
• The total momentum gets quantized.
• ψ(x) (and therefore k) obtains nite volume orretions.
This piture also applies to relativisti integrable theories. We onsider Ac as a simple
quantum mehanial bound state of two elementary partiles and use the innite volume
sattering data to desribe the interation between the onstituents. To develop these
ideas, let us onsider the spetrum of the theory dened on a irle with irumferene
L. We state the identiation
|Ac(θ)〉L ∼ |Aa(θ1)Aa(θ2)〉L (4.3)
where the θ1,2 are omplex to desribe a bound-state; this idea also appeared in [95, 109℄.
Relation (4.3) an be regarded as the nite volume realization of (4.2). The total energy
and momentum of the bound state have to be purely real, onstraining the rapidities to
take the form
θ1 = θ + iu, θ2 = θ − iu (4.4)
where the dependene on L is suppressed. Energy and momentum are alulated as
E = 2ma cos(u) cosh(θ) p = 2ma cos(u) sinh(θ) (4.5)
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The quantization ondition for an n-partile state is given by the Bethe-Yang equations
eipjL
n∏
k=1
k 6=j
Sijik(θj − θk) = 1, j = 1 . . . n
To quantize the bound state in nite volume, an appropriate analyti ontinuation of
the above equations with n = 2 an be applied. This proedure is justied by the same
reasoning that leads to original Bethe-Yang equations: one assumes plane waves (with
imaginary momenta) exept for the loalized interation, whih is desribed by the S-
matrix of the innite volume theory. Inserting (4.4) and separating the real and imaginary
parts
eima cos(u) sinh(θ)Le−ma sin(u) cosh(θ)LSaa(2iu) = 1 (4.6)
eima cos(u) sinh(θ)Lema sin(u) cosh(θ)LSaa(−2iu) = 1 (4.7)
Multiplying the two equations and making use of S(2iu) = S(−2iu)−1 one arrives at
e2ima cos(u) sinh(θ)L = 1 or 2ma cos(u) sinh(θ) =
2πI
L
(4.8)
whih is the quantization ondition for the total momentum. I is to be identied with
the momentum quantum number of Ac. The quantization ondition for u is found by
eliminating θ from (4.6):
e
−maL sin(u)
r
1+( piImaL cos(u))
2
Saa(2iu) = (−1)I (4.9)
The exponential fator fores u to be lose to the pole of the S-matrix assoiated to the
formation of the bound-state. For the ase at hand it reads
Saa(θ ∼ iucaa) ∼
i (Γcaa)
2
θ − iucaa
(4.10)
with ucaa = 2u¯
a
ac. Note the appearane of (−1)I on the rhs. of (4.9), whih is a natural
onsequene of the quantization of the total momentum. This sign determines the diretion
from whih the pole is approahed.
The exat solution of (4.9) an be developed into a power series in e−µ
c
aaL
, where the
rst term is found by replaing u with u¯aac in the exponent:
u− u¯aac = (−1)I
1
2
(Γcaa)
2 e−µ
c
aaL
q
1+( 2piImcL)
2
+O(e−2µ
c
aaL) (4.11)
First order orretions to the energy are readily evaluated to give
E = E0 − (−1)I (Γcaa)2
µcaamc
E0
e−
µcaaE0
mc
L +O(e−2µ
c
aaL) (4.12)
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where E0 is the ordinary one-partile energy
E0 =
√
m2c +
(
2πI
L
)2
In the ase of zero momentum the former result simplies to the leading term in (1.11).
For large volumes we reover
u→ u¯aac θ → arsh
2πI
mcL
Having established the quantization proedure we now turn to the question of momen-
tum quantum numbers inside the bound state. For the phase shift we adopt the onvention
that was used throughout this work
Sab(θ) = Sab(0)e
iδab(θ)
Note that δab(iu) is purely imaginary.
With this hoie of the phase shift the Bethe-Yang equations in their logarithmi form
l sinh(θ + iu) + δ11(2iu) = 2πI1
l sinh(θ − iu) + δ11(−2iu) = 2πI2
imply I1 = I2. Quantization of the total momentum on the other hand requires I1 =
I2 = I/2. Note that dierent onventions for δab would result in a less transparent rule
for dividing I among the two onstituents. The only disadvantage of our hoie is the
appearane of the unphysial half-integer quantum numbers. With this onvention the
bound-state quantization an be written in short-hand notation as
|{I}〉c,L ∼ |{I/2, I/2}〉aa,L
4.1.1 Numerial analysis
It seems plausible that by exatly solving the bound state quantization ondition (4.9)
one obtains all higher order orretions that go as e−nµ
c
aaL
with n ∈ N. In this subsetion
we present numerial evidene to support this laim.
We investigate the Ising model in the presene of a magneti eld. The rst three
partiles lie below the two-partile threshold and they all show up as A1A1 bound states.
These fusions are responsible for the leading µ-term. The orresponding parameters (in
units of m1) are listed in the table below. The exponent of the next-to-leading orretion
(the error exponent) is denoted by µ′.
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a ma µ
a
11 (Γ
a
11)
2 µ′
1 1 0.86603 205.14 1 (m1)
2 1.6180 0.58779 120.80 0.95106 (µ212)
3 1.9890 0.10453 1.0819 0.20906 (2µ311)
In [64℄ Klassen and Melzer performed the numerial analysis of mass orretions. The
analyti preditions were ompared to TCSA data and to transfer matrix results. They
observed the expeted behavior of mass orretions of A1 and A2; in the former ase
they were also able to verify the F-term. On the other hand, the preision of their TCSA
data was not suient to reah volumes where the µ-term for A3 ould have been tested.
This limitation is a natural onsequene of the unusually small exponent µ311: the next-
to-leading ontribution is of order e−2µ
3
11L
, still very slowly deaying.
We employ the TFCSA routines that were suessfully used in the previous hapter.
Calulations are performed for I = 0, 1, 2, 3 at dierent values of the volume. One-partile
states of A1, A2 and A3 are easily identied: they are the lowest lying levels in the spe-
trum, exept for I = 0 where the lowest state is the vauum. We use the dimensionless
quantities l = m1L and e = E/m1.
The results are extrapolated from ecut = 20..30 to ecut = ∞. Experiene from the
previous results shows that this extrapolation tehnique redues the numerial errors by
an order of magnitude. We resign here from quantitatively monitoring the TCSA errors
and onstrain ourselves to a range of the volume parameter where it is safe to neglet
trunation eets.
A3
We begin our analysis with the most interesting ase of A3. At eah value of l and I
the following proedure is performed.
• The energy orretion is alulated aording to (4.12)
• The quantization ondition (4.9) is solved for u and the energy orretion is alu-
lated by
∆e = 2 cosh(θ) cos(u)− e0
where θ is determined by the total momentum quantization (4.8) and e0 is the
ordinary one-partile energy.
• The exat orretion is alulated numerially by ∆e = eTCSA − e0.
The hoie for the range of the volumes is limited in two ways. On one hand, l has to
be suiently large in order to redue the ontribution of the F terms and other higher
order nite size orretions. On the other hand, numerial errors grow with the volume
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Figure 4.1: Finite size orretions to A3 one-partile levels (in setors I = 0 . . . 3) as a
funtion of the volume. The TCSA data are plotted against theoretial preditions of the
single µ-term assoiated to the A1A1 → A3 fusion (solid urve) and the exat solution of
the bound-state quantization (dotted urve).
and eventually beome omparable with the nite size orretions, resulting in an upper
bound on l. The window l = 30..40 is suitable for our purposes.
The results are shown in gure 4.1. It is lear that the µ-term yields the orret
predition in the L→∞ limit. However, higher order terms ause a signiant deviation
for l < 40, whih is in turn aurately desribed by the bound state predition. The sign
of the orretion depends on the parity of I as predited by (4.12).
Based on the suess of this rst numerial test we also explored the region l < 30.
Inspeting the behavior of u as a funtion of l reveals an interesting phenomenon. It is
obvious from (4.11) that u(l) is monotonously inreasing if I is odd, with the innite
volume limit xed to u¯aac. However, the omplex onjugate pair θ1,2 approahes the real
axis as l is dereased and they ollide at a ritial volume l = lc. For l < lc they separate
again but stay on the real line, providing a unique solution with two distint purely real
rapidities. The same behavior was also observed in [95, 109℄.
The interpretation of this phenomenon is evident: if the volume is omparable to
the harateristi size of the bound-state, there is enough energy in the system for the
onstituents to beome unbound. Therefore the A3 one-partile level beomes an A1A1
sattering state for l < lc. We all this phenomenon the dissoiation of the bound state.
The same result was obtained also in the boundary sine-Gordon model by a semilassial
analysis [110℄.
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Figure 4.2: A3 one-partile levels in setors I = 0 . . . 3 as a funtion of the volume.
Dots represent TCSA data, while the lines show the orresponding predition of the A1A1
bound state quantization. In setors I = 1 and I = 3 the bound state dissoiates at lc and
for l < lc a onventional A1A1 sattering state replaes A3 in the spetrum. The values of
lc are shown by the two arrows.
The value of lc an be found by exploiting the fat that the Jaobian of the Bethe-Yang
equations (viewed as a mapping from (θ1, θ2) to (I1, I2)) vanishes at the ritial point. A
straightforward alulation yields
lc =
√
4ϕ11(0)2 − I2π2
where ϕ11(θ) = δ
′
11(θ). The numerial values for the ase at hand are
lc = 27.887 (I = 1) and lc = 26.434 (I = 3)
We are now in the position to omplete the numerial analysis. The Bethe-equations
are solved at eah value of l, providing two distint real rapidities for l < lc (with I being
odd), and a omplex onjugate pair otherwise. The energy is alulated in either ase as
e = cosh(θ1) + cosh(θ2)
whih is ompared to TCSA data. The results are exhibited in gure 4.2.
The agreement for the upper two urves (I = 1 and I = 3) is not as surprising as
it may seem beause what one sees here are onventional A1A1 sattering states. The
Bethe-Yang equation determining their energy is exat up to O(e−µ
′L) where µ′ = µ111 is
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the smallest exponent that ours in the sequene of nite volume orretions of A1. On
the other hand, the energy levels are analyti funtions of L, whih leads to the onlusion
that the predition of (4.9) is orret up to O(e−µ
1
11L) even for L > Lc. Comparing the
numerial values one nds µ111 > 8µ
3
11. We onlude that the bound state piture indeed
aounts for nite volume orretions up to the rst few orders in e−µ
c
aaL
(the rst 8 orders
in the ase at hand).
A1 and A2
Partiles A1 and A2 also appear as A1A1 bound states. However, there is no point
in applying the omplete bound state quantization to them, beause the error terms
dominate over the higher order ontributions from (4.9): the exponents of the sub-leading
nite size orretionsm1 and µ
2
12 are smaller than 2µ
1
11 and 2µ
2
11. Nevertheless, the leading
µ-term an be veried by hoosing suitable windows in l.
In gures 4.7 and 4.8 log(|∆e|) is plotted against the predition of (4.12) for l = 6..16
and l = 6..22. (the sign of ∆e was found to be in aordane with (4.12) for both A1 and
A2)
In the ase of A1 perfet agreement is observed for l = 10..18 in the setors I = 0
and I = 1. For I = 2 and I = 3 the energy orretions beome too small and therefore
inaessible to TCSA (note that the predition for I = 3 is of order 10−6).
In the ase of A2 preise agreement is found for l = 14..22 in all four setors.
A5
Here we present an interesting alulation that determines the leading mass orretions
of A5. The standard formulas are inappliable in this ase, beause m5 lies above the two-
partile threshold. However, it is instrutive to onsider the omposition of A5 under the
bootstrap priniple and to evaluate the µ-term predition.
There are two relevant fusions
A1A3 → A5 with µ513 = 0.2079
A2A2 → A5 with µ522 = 0.6581
Numerial evaluation of Lüsher's formula for the µ-term shows that the ontribution
of the seond fusion is negligible for l > 30. The rst fusion on the other hand yields a
signiant disrepany when ompared to TCSA data. This failure is onneted to the
two-partile threshold and it an be explained in terms of the bound state quantization.
Experiene with A3 suggests that one should rst take into aount the energy orretions
of A3 and onsider the A1A3 → A5 fusion afterwards. A3 an be split into A1A1 leading
to the triple bound state A1A1A1 → A5. In innite volume one has (see also g. 1.1 .)
|θ〉5 ∼
∣∣θ − 2iu¯311, θ, θ + 2iu¯311〉111
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Figure 4.3: Finite size mass of A5 as a funtion of the volume. The squares represent the
TCSA data whih is ompared to the leading µ-term (solid urve) and the solution of the
quantization ondition for the triple bound state A1A1A1 (dotted urve). The straight
line shows the innite volume mass.
The nite volume realization of this identiation is most easily arried out in the I = 0
setor with
|{0}〉5,L ∼ |{0, 0, 0}〉111,L
Setting up the three-partile Bethe-Yang equations with rapidities (iu, 0,−iu):
e−m1 sin(u)LS11(iu)S11(2iu) = 1
S11(iu)S11(−iu) = 1
em1 sin(u)LS11(−iu)S11(−2iu) = 1
The seond equation is automatially satised due to unitarity and real analytiity,
whereas the rst and the third are equivalent and they serve as a quantization ondi-
tion for u. The nite volume mass of A5 is given in terms of the solution by
m5(l) = 2 cos(u) + 1 (4.13)
In the large L limit the innite volume mass is reprodued by u → 2u¯311. Figure 4.3
demonstrates the agreement between TCSA and the predition of (4.13).
The possibility of solving the quantization of the triple bound state in a moving frame
looks very appealing. In the general ase the rapidities are expeted to take the form
(θ1 + iu, θ2, θ1 − iu) where θ1 and θ2 do not neessarily oinide. However, the numerial
preision of our TCSA data was not suient to hek our preditions.
4.1.2 Comparison with the TBA for exited states
As a onlusion of this setion (4.11) is ompared to the lowest order results of the TBA
approah. The general disussion of exited states TBA equations in diagonal sattering
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theories is not available. For simpliity we restrit ourselves to the Lee-Yang model whih
was onsidered in the original papers [25, 26℄.
The exat TBA equations for moving one-partile states read
E = −im(sinh θ0 − sinh θ¯0)−
∫ ∞
−∞
dθ
2π
m cosh(θ)L(θ) (4.14)
ε(θ) = mR cosh θ + log
S(θ − θ0)
S(θ − θ¯0)
− (ϕ ⋆ L)(θ) (4.15)
where
S(θ) =
sinh(θ) + i sin(π/3)
sinh(θ)− i sin(π/3) ϕ(θ) = −i
∂S(θ)
∂θ
and
L(θ) = log(1 + e−ε(θ)) and (f ⋆ g)(θ) =
∫ ∞
−∞
dθ′
2π
f(θ − θ′)g(θ′)
Here the volume is denoted by R to avoid onfusion with L(θ). The omplex rapidity θ0
satises the onsisteny equation
ε(θ0) = mR cosh θ0 + iπ − log(S(2iImθ0))− (ϕ ⋆ L)(θ) = i(2n + 1)π (4.16)
The onvolution term in (4.16) an be negleted and one obtains Imθ0 = π/6 + δ where
δ is exponentially small. To zeroth order one also has
mR cosh(Reθ0) = (4n+ (1− signδ))π
whih is the ordinary one-partile quantization ondition with I = 2n + 1
2
(1 − signδ).
Negleting the ontribution of the integral in (4.14) and substituting θ0 = θ + iu one has
E = 2m sin(u) cosh(θ). This is exatly the energy of an AA bound state with the imaginary
rapidities θ± iu. Separating the real and imaginary parts of (4.16) and still negleting the
onvolution term (whih is responsible for the F-term) one obtains equations (4.9) and
(4.8), thus proving the onsisteny of the two approahes.
4.2 Multi-partile states
4.2.1 Bethe-Yang quantization in the bound state piture
Let us onsider a sattering state |{I, I1, . . . , In}〉cb1...bn,L omposed of n+ 1 partiles,
the rst one being Ac. The energy of this state is alulated as
E =
n∑
j=1
mij cosh(θ¯j) + . . . (4.17)
where (θ¯, θ¯1, . . . , θ¯n) is the solution of the Bethe-Yang equations
Qj(θ1, . . . , θn) = mij sinh(θj)L+
∑
k 6=j
δijik(θj − θk) = 2πIj j = 1 . . . n (4.18)
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We determine the leading part of the µ-term assoiated to (4.17) by onsidering Ac as an
AaAa bound state inside the multi-partile state. Therefore we write
|{I, I1, . . . , In}〉cb1...bn,L ∼ |{I/2, I/2, I1, . . . , In}〉aab1...bn,L (4.19)
The energy is then determined by analyti ontinuation of the n+ 2 partile Bethe-Yang
equations. They read
e−ma sin(u) cosh(θ)Leima cos(u) sinh(θ)LSaa(2iu)
n∏
j=1
Sabj (θ + iu− θj) = 1 (4.20)
ema sin(u) cosh(θ)Leima cos(u) sinh(θ)LSaa(−2iu)
n∏
j=1
Sabj (θ − iu− θj) = 1 (4.21)
eimbj sinh(θj)LSabj (θj − θ − iu)Sabj (θj − θ + iu)
n∏
k=1
k 6=j
Sbjbk(θj − θk) = 1 (4.22)
The ordinary n + 1 partile Bethe-equations are reprodued in the L → ∞ limit by
multiplying (4.20) and (4.21) and making use of the bootstrap equation
Scbj (θ) = Sabj (θ + iu¯
a
ac)Sabj (θ − iu¯aac)
We now proeed similar to the previous setion and derive a formula for the leading
orretion. The shift in the imaginary part of the rapidity an be alulated by making
use of (4.20) and (4.10) as
∆u = u− u¯aac =
(Γcaa)
2
2
e−µ cosh(θ¯)Leimc sinh(θ¯)L/2
n∏
j=1
Sabj (θ¯ + iu¯
a
ac − θ¯j) (4.23)
Multiplying (4.20) and (4.21)
ei2ma cos(u) sinh(θ)L
n∏
j=1
Sabj (θ − iu− θj)Sabj (θ + iu− θj) = 1 (4.24)
eimbj sinh(θj)LSabj (θj − θ − iu)Sabj (θj − θ + iu)
n∏
k=1
k 6=j
Sbjbk(θj − θk) = 1 (4.25)
Let us dene
Sabj (θ − iu− θj)Sabj (θ + iu− θj) ≈ Scbj(θ − θj)ei∆uϕ¯cbj (θ−θj)
where
ϕ¯cbj(θ) = iϕcbj(θ + iu¯
a
ac)− iϕcbj (θ − iu¯aac) with ϕab(θ) = δ′ab(θ)
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Using 2ma cos(u) ≈ mc − 2µcaa∆u the logarithm of (4.24) and (4.25) an be written as
Q0(θ, θ1, . . . , θn) =
(
2µcaa sinh(θ)L−
n∑
j=1
ϕ¯cbj(θ − θj)
)
∆u
Qj(θ, θ1, . . . , θn) = ϕ¯cbj(θ − θj)∆u
The lhs. an be expanded around the n+ 1 partile solution (θ¯, θ¯n, . . . , θ¯n) to arrive at

θ − θ¯
θ1 − θ¯1
.
.
.
θn − θ¯n

 =
(J (n+1))−1


2µcaa sinh(θ¯)L−
∑n
j=1 ϕ¯cbj (θ¯ − θ¯j)
ϕ¯cb1(θ¯ − θ¯1)
.
.
.
ϕ¯cbn(θ¯ − θ¯n)

∆u (4.26)
where
J (n+1)kl =
∂Qk
∂θl
The nal result for the energy orretion reads
∆E = −2µcaa cosh(θ¯)∆u+


mc sinh(θ¯)
mb1 sinh(θ¯1)
.
.
.
mbn sinh(θ¯n)


(J n+1)−1


2µcaa sinh(θ¯)L−
∑n
j=1 ϕ¯cbj(θ¯ − θ¯j)
ϕ¯cb1(θ¯ − θ¯1)
.
.
.
ϕ¯cbn(θ¯ − θ¯n)

∆u
(4.27)
with ∆u given by (4.23).
Based on the previous setion it is expeted that there is a similar ontribution for
every fusion leading to eah one of the onstituents of the multi-partile state.
We wish to remark that in the ase of the Lee-Yang model it is possible to derive
(4.27) from the exited state TBA, along the lines of subsetion 4.1.2. This arries over
to other models with diagonal sattering, provided that the exited state TBA equations
are available. The point of our alulation is, that the µ-term an be obtained without
any referene to the TBA equations. Moreover, our arguments an be applied diretly to
form fators as well (see setion 4.3).
4.2.2 Multi-partile states  Numerial analysis
We rst onsider nite size orretions to A1A3 states. They are not the lowest lying
two-partile states in the spetrum, but they possess the largest µ-term whih is onneted
to the A1A1 → A3 fusion. Given a partiular state |{I1, I3}〉13,L the following proedure
is performed at eah value of the volume:
• The two-partile Bethe-Yang equation for |{I1, I3}〉13,L is solved and the µ-term is
alulated aording to (4.27).
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• The exat three-partile Bethe-Yang equation is solved for |{I1, I3/2, I3/2}〉111,L
The results for dierent A1A3 levels are shown in gure 4.9. The situation is similar to
the ase of the A3 one-partile levels: the bound state quantization yields a remarkably
aurate predition, whereas the single µ-term predition only beomes orret in the
L→∞ limit.
In table 4.1 we present a numerial example for the dissoiation of the bound state
inside the two-partile state. In this ase an A1A3 state turns into a onventional A1A1A1
three-partile state at lc ≈ 30.
Finite size orretions to A1A1 and A1A2 states are also investigated, the leading µ-
term given by the fusions A1A1 → A1 and A1A1 → A2, respetively. In the former ase
we alulate separately the ontribution assoiated to both A1 partiles and add them to
get the total orretion. Results are exhibited in gures 4.10 and 4.11 and formula (4.27)
is veried in both ases.
4.3 Finite volume form fators
The onnetion between nite volume and innite volume form fators was derived in
setion 2.2 as
j1...jm,L〈{I ′1, . . . , I ′m}|O(0, 0)|{I1, . . . , In}〉i1...in,L =
FO(θ¯′m + iπ, . . . , θ¯
′
1 + iπ, θ¯1, . . . , θ¯n)jm...j1i1...in√
ρi1...in(θ¯1, . . . , θ¯n)ρj1...jm(θ¯
′
1, . . . , θ¯
′
m)
+O(e−µ
′L) (4.28)
where the rapidities θ¯ are solutions of the orresponding Bethe-Yang equations. Here we
assume for simpliity, that there are no disonneted terms present, ie. it is supposed that
θ¯j 6= θ¯′k whenever ij = ik.
Based on general arguments it was shown in subsetion 2.2.3 that µ′ ≥ µ where µ is
determined by the pole of the S-matrix losest to the physial line. A systemati nite
volume perturbation theory (Lüsher's method applied to form fators) is not available.
However, it is expeted that the atual value of µ′ depends on what diagrams ontribute
to the form fator in question. Apart from the insertion of the loal operator they oinide
with the diagrams determining the nite size orretions of the multi-partile state. There-
fore µ′ is assoiated to the bound state struture of the onstituents of the multi-partile
state.
In this setion we show that the leading orretion term an be obtained by the bound
state quantization.
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4.3.1 Elementary one-partile form fators
(4.28) yields a simple predition for the elementary one-partile form fator:
FOc (I, L) ≡ 〈0|O(0, 0)|{I}〉c,L =
FOc√
EL
+O(e−µ
′L) (4.29)
where E is the one-partile energy, and FOc = F
O
c (θ) is the innite volume one-partile
form fator, whih is onstant by Lorentz symmetry.
The µ-term assoiated to (4.29) is derived by employing the bound state quantization.
We gain some intuition from the setion 4.1 where it was found that the bound state
AaAa may dissoiate at a ritial volume Lc. For L < Lc there is no one-partile level of
type Ac in the given setor of the spetrum, however an AaAa sattering state appears
instead. Finite volume form fators of this state are alulated using (4.28) as
FOc (I, L) =
FO(θ1, θ2)aa√
ρaa(θ1, θ2)
for L < Lc (4.30)
The generalization to L > Lc seems to be straightforward: one has to ontinue an-
alytially (4.30) to the solutions of the Bethe-Yang equation with imaginary rapidities
θ1,2 = θ ± iu. However, note that equations (4.29) and (4.30) are valid up to a phase
fator. In order to ontinue analytially to imaginary rapidities we also need to x this
phase
1
.
The two-partile form fator satises
FO(θ1, θ2)aa = Saa(θ1 − θ2)FO(θ2, θ1)aa
The simplest hoie for the phase is therefore
FO(θ1, θ2)aa =
√
Saa(θ1 − θ2)
∣∣FO(θ1, θ2)aa∣∣ (4.31)
This hoie is ditated by CPT symmetry [111, 52, 112℄, and it is respeted by all known
solutions of the form fator bootstrap axioms. There is a sign ambiguity aused by the
square root, but it an be xed by demanding (Saa(0))
1/2 = i and ontinuity. Using (4.31)
FOc (I, L) =
√
Saa(θ2 − θ1)FO(θ1, θ2)aa√
ρaa(θ1, θ2)
and upon analyti ontinuation
FOc (I, L) =
√
Saa(−2iu)FO(θ + iu, θ − iu)aa√
ρaa(θ + iu, θ − iu)
for L > Lc (4.32)
1
As we noted in earlier the phase of a (non-diagonal) innite volume form fator is unphysial in
the sense that it may be redened by a omplex rotation of the state vetors and physial quantities,
e.g. orrelation funtions, do not depend on suh redenitions. However, the bootstrap program uniquely
assigns a phase to eah form fator.
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It is easy to see that the result (4.29) is reprodued in the L→∞ limit. First observe
that
FO(θ + iu, θ − iu)aa ∼ Γ
c
aa
2(u− u¯caa)
FOc (θ)
The residue of ρaa is determined by ϕaa(2iu) and it reads
ρ(θ + iu, θ − iu)aa ∼ 2maL cos(u) cosh(θ)(−i)S
′
aa(2iu)
Saa(2iu)
= mcL cosh(θ)
1
2(u− u¯aac)
The singularities in the numerator and denominator of (4.32) anel and indeed
FOc (I, L) ∼
FOc√
mcL cosh(θ)
We emphasize that it is ruial to inlude the extra normalization fator
√
Saa(−2iu) to
obtain a meaningful result.
Expression (4.32) an be developed into a Taylor-series in u − u¯aac. First we use the
exhange axiom to arrive at
FOc (I, L) =
FO(θ − iu, θ + iu)aa√
Saa(−2iu)ρaa(θ + iu, θ − iu)
(4.33)
The form fator axioms imply that
lim
u→u¯aac
FO(θ − iu, θ + iu)aa = 1
Γcaa
FOc
The simple pole of ϕaa(2iu) in ρaa is aneled by Saa(−2iu), therefore both the numerator
and the denominator of (4.33) have ontinuous limits as u→ u¯aac.
The form fator FO(θ−iu, θ+iu)aa only depends on u by Lorentz-symmetry. Therefore
FO(θ − iu, θ + iu)aa = 1
Γcaa
FOc − 2i
(
FOaa
)′
(u− u¯aac) + . . .
where (
FOaa
)′
=
d
dθ
FO(θ, θ′)aa
∣∣∣
θ−θ′=−2iu¯aac
Expanding the S-matrix element into a Laurent-series in the viinity of the pole
Saa(2iu) =
(Γcaa)
2
2(u− u¯aac)
+ Sc,0aa + . . .
Saa(−2iu) = 2(u− u¯
a
ac)
(Γcaa)
2 −
(
2(u− u¯aac)
(Γcaa)
2
)2
Sc,0aa + . . .
Expanding the denominator:
S(−2iu)ρaa(θ + iu, θ − iu) =
S(−2iu)E1E2L2 − i(E1 + E2)LS ′(2iu)
(
S(−2iu)
)2
=
EcL
(Γcaa)
2 +
(
2E1E2L
2
(Γcaa)
2 −
4EcL
(Γcaa)
4S
c,0
aa
)
(u− u¯aac) + . . .
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where
Ec = E1 + E2 = 2ma cos(u) cosh(θ)
Putting all this together
FOc (I, L) =
FOc√
EcL
+
+
[
−2iΓcaa
(
FOaa
)′
√
EcL
+
FOc√
EcL
3
(
−E1E2L2 + 2EcL
(Γcaa)
2S
c,0
aa
)]
(u− u¯aac) + . . .
Note that in the preeding formulas Ec does inlude the leading order orretion to the
usual one-partile energy E0c =
√
m2c + (2πI)
2/L2. Using
Ec = E
0
c − 2
mcµ
E0c
(u− u¯aac) +O(e−2µL) and E1E2 =
m2a
m2c
E2c − µ2
the nal result is given by
FOc (I, L) =
FOc√
E0cL
− 2iΓ
c
aa
(
FOaa
)′√
E0cL
(u− u¯aac) +
+
FOc√
E0cL
[
2Sc,0aa
(Γcaa)
2 +
mcµ
(E0c )
2
−
(
m2a
m2c
E0c −
µ2
E0c
)
L
]
(u− u¯aac) +O(e−2µL) (4.34)
with
u− u¯aac = ±
1
2
(Γcaa)
2 e
−µcaaL
r
1+
“
piI
maL cos(u¯
a
ac)
”2
4.3.2 One-partile form fators  Numerial analysis
Let us introdue the dimensionless form fators as
fi(I, l) =
〈0|ε(0, 0)|{I}〉i,L
m1
We use the methods desribed in setion 3.1 to determine fi(I, l) for i = 1, 2, 3 and
I = 0, 1, 2, 3. The numerial results are ompared to the exat innite volume form fators.
We start our investigation with f3(I, l), for whih relatively large exponential orre-
tions were found in subsetion 3.2.2. It is onvenient to onsider
f¯3(I, l) = (e0l)
1/2 f3(I, L) with lim
l→∞
f¯3(I, l) = F3 (4.35)
The numerial results are demonstrated in g. 4.4. Note, that this is the same gure as
g. 3.7, but here the interpretation of the huge deviations from F3 is also provided.
We also tried to verify the preditions for f1 and f2. In the latter ase reasonably good
agreement was found with TCSA, the results are demonstrated in g. 4.12. In the ase of
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Figure 4.4: Elementary nite volume form fators of A3 one-partile levels. Here the
normalization (4.35) is applied to obtain a nite l → ∞ limit, whih is given by the
innite volume form fator F3 = 〈0|ε|A3(θ)〉. The TCSA data are plotted against the
bound state predition. The ordinary evaluation of f¯3 is simply the onstant F3.
f1 we enountered the unpleasant situation that the F-term deays slower than the TCSA
errors grow, thus making the observation of the µ-term impossible.
It is straightforward to generalize (4.32) to matrix elements between two dierent
one-partile states. For b 6= c one has for example
b〈{Ib}|ε|{Ic}〉c,L =
F ε(θb + iπ, θ + iu, θ − iu)baa√
ρb(θb)ρaa(θ + iu, θ − iu)
Numerial examples are presented in gures 4.5 (a)-() for c = 3 and b = 1, 2.
The most interesting ase is the one shown in g. 4.5 (d) where the matrix element
between two dierent A3 one-partile states are investigated. This an be done by on-
sidering both A3 partiles as the appropriate A1A1 bound states and then alulating the
nite volume form fator 3〈{I}|ε|{I ′}〉3,L as
11〈{I/2, I/2}|ε|{I ′/2, I ′/2}〉11,L =
F ε(θ + iu+ iπ, θ − iu+ iπ, θ′ + iu′, θ′ − iu′)1111√
ρ11(θ′ + iu′, θ′ − iu′)ρ11(θ + iu, θ − iu)
One again we nd omplete agreement with the TCSA data.
106 CHAPTER 4. RESIDUAL FINITE SIZE EFFECTS
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 15  20  25  30  35  40
P
S
f
r
a
g
r
e
p
l
a

e
m
e
n
t
s
l
f
1
3
f
2
3
f
3
3
(a) 1〈{0}|ε|{3}〉3,L
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(b) 1〈{0}|ε|{1}〉3,L
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(d) 3〈{−3}|ε|{3}〉3,L
Figure 4.5: One-partileone-partile form fators, dots orrespond to TCSA data. The
solid lines represent the ordinary evaluation of the nite volume form fators, while the
dotted lines show the bound state predition.
4.3.3 Elementary multi-partile form fators
The generalization of (4.32) to multi-partile states is straightforward, the only task
is to nd the appropriate phase fator. Similar to the one-partile ase one has
FO(θ1, . . . , θm)b1...bm =
√∏
i<j
Sbibj (θi − θj)
∣∣FO(θ1, . . . , θm)b1...bm∣∣
A general n partile nite volume form fator with real rapidities an thus be written as√∏
i<j Sbibj (θj − θi)
ρn(θ1, . . . , θn)b1...bn
FO(θ1, . . . , θn)b1...bn
Substituting the solution of the Bethe-equation for the state |{I/2, I/2, I1, . . . , In}〉aab1...bn,L
and making use of the real analytiity ondition
|Sabj (θj − θ − iu)Sabj (θj − θ + iu)| = 1
one gets
〈0|O|{I/2, I/2, I1, . . . , In}〉aab1...bn,L =
√
Saa(−2iu)
∣∣FO(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn∣∣√
ρ(n+2)(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn
(4.36)
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Figure 4.6: Elementary form fators of A1A3 sattering states, dots orrespond to TCSA
data. The solid lines are obtained by a naive evaluation of the nite volume form fators,
while the dotted line represents the bound state predition. (in this ase A1A1A1 form
fators at the appropriate rapidities)
up to a physially irrelevant phase.
It is easy to show one again that the naive result is reprodued in the L→∞ limit.
To do so, we rst quote the dynamial pole equation of the innite volume form fator:
FO(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn =
Γcaa
2(u− u¯aac)
FO(θ, θ1, . . . , θn)cb1...bn +O(1)
The singularity of ρ(n+2) is given by
Resu→u¯aacρ
(n+2)(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn =
1
2
ρ(n+1)(θ, θ1, . . . , θn)cb1...bn
The naive formula is now reovered by inserting the last two equations into (4.36).
The leading exponential orretions an be obtained by plugging (4.23) and (4.26)
into (4.36) and expanding to rst order in u− u¯aac. This proedure is straightforward but
quite lengthy, therefore we refrain from giving the details of the alulations.
In g. 4.6 two examples are presented for the evaluation of (4.36) applied to A1A3
two-partile states.
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Figure 4.7: Finite size orretions to A1 one-partile levels in setors I = 0 . . . 3, log10∆e
is plotted as a funtion of the volume. Dots represent TCSA data, while the lines show
the µ-term orresponding to the A1A1 → A1 fusion.
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Figure 4.8: Finite size orretions to A2 one-partile levels in setors I = 0 . . . 3, log10∆e
is plotted as a funtion of the volume. Dots represent TCSA data, while the lines show
the µ-term orresponding to the A1A1 → A2 fusion.
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Figure 4.9: Finite size orretions to A1A3 sattering states as a funtion of the volume.
Dots represent TCSA data, the solid line shows the µ-term orresponding to the A1A1 →
A3 fusion. The dotted lines are obtained by the exat solution of the quantization ondition
for the A1A1A1 three-partile system.
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Figure 4.10: Finite size orretions to A1A1 sattering states, log10∆e is plotted as a
funtion of the volume. Dots represent TCSA data, while the solid line show the sum of
the two µ-terms orresponding to the A1A1 → A1 fusions.
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Figure 4.11: Finite size orretions to A1A2 sattering states, log10∆e is plotted as a
funtion of the volume. Dots represent TCSA data, while the solid line show the µ-term
orresponding to the A1A1 → A2 fusion.
l θ1 θ2 θ3 e(l) (predited) e(l) (TCSA)
22 0.44191 0.68235 -0.58742 3.51877 3.51900
23 0.42574 0.64280 -0.55190 3.46201 3.46219
24 0.60523 0.41155 -0.51892 3.41239 3.41255
25 0.56934 0.39931 -0.48831 3.36890 3.36907
26 0.38910 0.53475 -0.45989 3.33071 3.33089
27 0.50092 0.38119 -0.43350 3.29709 3.29729
28 0.46686 0.37634 -0.40899 3.26743 3.26767
29 0.42947 0.37739 -0.38622 3.24122 3.24164
30 0.38646 + 0.02332 i 0.38646 − 0.02332 i -0.36505 3.21801 3.21832
31 0.37059 + 0.04042 i 0.37059 − 0.04042 i -0.34537 3.19741 3.19775
32 0.35572 + 0.05104 i 0.35575 − 0.05104 i -0.32706 3.17908 3.17945
33 0.34182 + 0.05891 i 0.34182 − 0.05891 i -0.31002 3.16275 3.16313
34 0.32876 + 0.06513 i 0.32876 − 0.06513 i -0.29415 3.14816 3.14856
35 0.31650 + 0.07022 i 0.31650 − 0.07022 i -0.27936 3.13511 3.13547
36 0.30498 + 0.07446 i 0.30498 − 0.07446 i -0.26556 3.12341 3.12235
Table 4.1: An example for the dissoiation of the A1A1 bound state inside a sattering
state. |{2, 0}〉31,L is identied with |{1, 1, 0}〉111,L and the orresponding Bethe-Yang equa-
tions is solved. For l < 30 there is a real A1A1A1 three-partile state in the spetrum,
whereas at l ≈ 30 two of the rapidities beome omplex and the two-partile state A1A3
emerges.
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Figure 4.12: Finite size orretions to the elementary form fators of A2. Dots represent
TCSA data, while the lines show the µ-term predition orresponding to the A1A1 → A2
fusion.
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Chapter 5
Correlation funtions at nite
temperature
5.1 The form fator expansion for orrelation funtions
The nite temperature orrelation funtion of loal operators O1 and O2 is dened by
〈O1(x1, t1)O2(x2, t2)〉R =
Tr
(
e−RHO1(x1, t1)O2(x2, t2)
)
Tr (e−RH)
(5.1)
where R = 1/T is the temperature dependent extension of the Eulidean time diretion
used in thermal quantum eld theory and H is the Hamiltonian.
In the following we briey disuss the evaluation of the orrelation funtion at zero
temperature using the form fator expansion and show that there is no straightforward
generalization of this method to the nite temperature ase. To keep the exposition simple
we assume that the spetrum ontains a single massive partile of mass m.
At zero temperature the two-point funtion of operators O1 and O2 is given by the
vauum expetation value
〈0|O1(x1, τ1)O2(x2, τ2)|0〉
Inserting a omplete set of asymptoti states and using Eulidean invariane one obtains
〈0|O1(x1, t1)O2(x2, t2)|0〉 =
∞∑
n=0
1
n!
∫
dθ1 . . . dθn F
O1
n (θ1 . . . θn)F
O2
n (θ1 . . . θn)
∗ e−mr
Pn
i=1 cosh(θi)
(5.2)
where r =
√
(x1 − x2)2 + (τ1 − τ2)2. The essene of the form fator approah [88, 18, 113,
114, 19℄ is to determine the form fators appearing in (5.2) as solutions of the form fator
bootstrap program, and then numerially integrate the resulting expressions to obtain the
ontributions to the orrelator. Due to the exponential damping fator and the vanishing
113
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property of the form fator funtions at θi = 0 the series (5.2) is rapidly onverging even
for relatively small values of mr, therefore in most ases it is suient to onsider only
the rst few terms in (5.2).
Swithing on a non-zero temperature one faes severe problems. A straightforward
appliation of the form fator expansion results in
〈O1(0, 0)O2(0, τ)〉R = 1
Z
∑
m,n
〈m|O1|n〉〈n|O2|m〉e−(R−τ)EΨe−τEΨ′ (5.3)
where for simpliity we have hosen the displaement between the two operators to lie in
the imaginary time diretion and the summation over m and n runs over the omplete
set of asymptoti states of the theory. Expression (5.3) is ill-dened in two ways:
• The partition funtion Z is innite if one onsiders the innite volume theory.
• One has to integrate over the poles of the form fators assoiated to the disonneted
ontributions, whenever the rapidities of two partiles entering m and n approah
eah other.
One enounters similar problems already by the evaluation of the thermal expetation
value of loal operators. The formal form fator expansion for the one-point funtion
reads
〈O〉R = Tr
(
e−RHO)
Tr (e−RH)
=
1
Z
∑
m
〈m|O|m〉e−REΨ (5.4)
The diagonal form fators entering the expression above are ill-dened in the innite
volume theory due to disonneted terms.
In order to obtain well-dened expressions for the orrelation funtions it is neessary
to introdue a regularization sheme.
A. LeClair and G. Mussardo proposed an evaluation sheme [30℄ based on the Ther-
modynami Bethe Ansatz. It was proven by Saleur [31℄ that it yields the orret results
for expetation values of loal onserved harges. However it was also argued in [31℄ that
the LeClair-Mussardo formalism fails in the ase of the two-point funtion. The same on-
lusion was reahed in [35℄ studying massless limits of orrelation funtions. G. Delno
proposed a seond, independent regularization sheme [33℄ for the one-point funtion;
these two approahes are presented and ompared in subsetion 5.1.1. Mussardo showed
using a toy model, that the two methods yield dierent results [34℄; the same onlusion
is reahed by omparing the systemati low-temperature expansion of the two proposals
(see 5.1.1).
A third approah is to onsider a theory in nite volume L, to evaluate the form fator
expansion using the well-dened nite volume form fators, and to take the limit L→∞.
This method is built on rst priniples and it does not rely on any additional assumptions;
moreover it is expeted to work for any n-point funtion.
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In this work we develop a systemati low-temperature expansion for the one-point
funtion with a well-dened L→∞ limit; this alulation is presented in setion 5.2. We
nd omplete agreement with the LeClair-Mussardo proposal up to the third non-trivial
order. In setion 5.3 we apply our method to the two-point funtion. However, we only
alulate the simplest terms; the systemati evaluation of the form fator expansion is out
of the sope of the present work.
Finally we note, that it is also possible to numerially evaluate the form-fator expan-
sion [38, 39, 40℄ or to develop a term by term regularization sheme based on the innite
volume onneted form fators [115℄. Eventually, after the ompletion of this thesis there
appeared an independent work by Konik and Essler [116℄ whih uses (in addition to a
novel innite volume regularization proedure) nite volume tehniques similar to the
ones presented in this work.
5.1.1 Comparison of the LeClair-Mussardo and the Delno ap-
proahes
LeClair and Mussardo proposed the following expression for the low temperature (T ≪
m, or equivalently mR≫ 1) expansion for the one-point funtion (5.4):
〈O〉R =
∞∑
n=0
1
n!
1
(2π)n
∫ [ n∏
i=1
dθi
e−ǫ(θi)
1 + e−ǫ(θi)
]
F c2n(θ1, ..., θn) (5.5)
where F c2n is the onneted diagonal form fator dened in eqn. (2.38) and ǫ(θ) is the
pseudo-energy funtion, whih is the solution of the thermodynami Bethe Ansatz equa-
tion
ǫ(θ) = mR cosh(θ)−
∫
dθ′
2π
ϕ(θ − θ′) log(1 + e−ǫ(θ′)) (5.6)
The solution of this equation an be found by suessive iteration, whih results in
ǫ(θ) = mR cosh(θ)−
∫
dθ′
2π
ϕ(θ − θ′)e−mR cosh θ′ + 1
2
∫
dθ′
2π
ϕ(θ − θ′)e−2mR cosh θ′ +
+
∫
dθ′
2π
dθ′′
2π
ϕ(θ − θ′)ϕ(θ′ − θ′′)e−mR cosh θ′e−mR cosh θ′′ +O (e−3mR) (5.7)
Using this expression, it is easy to derive the following expansion from (5.5)
〈O〉R = 〈O〉+
∫
dθ
2π
F c2
(
e−mR cosh θ − e−2mR cosh θ)
+
1
2
∫
dθ1
2π
dθ2
2π
(F c4 (θ1, θ2) + 2Φ(θ1 − θ2)F c2 ) e−mR cosh θ1e−mR cosh θ2
+O
(
e−3mR
)
(5.8)
where 〈O〉 denotes the zero-temperature vauum expetation value. The above result an
also be written in terms of the symmetri evaluation (2.35) as
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〈O〉R = 〈O〉+
∫
dθ
2π
F s2
(
e−mR cosh θ − e−2mR cosh θ)+
1
2
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+cosh θ2) +O
(
e−3mR
)
(5.9)
where we used relations (2.39) and (2.41). Obtaining the third order orretion from the
LeClair-Mussardo expansion is a somewhat lengthy, but elementary omputation, whih
results in
1
6
∫
dθ1
2π
dθ2
2π
dθ3
2π
F s6 (θ1, θ2, θ3)e
−mR(cosh θ1+cosh θ2+cosh θ3)
−
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+2 cosh θ2) +
∫
dθ1
2π
F s2 e
−3mR cosh θ1
−1
2
∫
dθ1
2π
dθ2
2π
F s2ϕ(θ1 − θ2)e−mR(cosh θ1+2 cosh θ2) (5.10)
where we used eqns. (2.39, 2.41, 2.42) to express the result in terms of the symmetri
evaluation.
Delno's proposal for the one-point funtion reads:
〈O〉RD =
∞∑
n=0
1
n!
1
(2π)n
∫ [ n∏
i=1
dθi
e−mR cosh θi
1 + e−mR cosh θi
]
F s2n(θ1, ..., θn) (5.11)
whih gives the following result when expanded to seond order:
〈O〉RD = 〈O〉+
∫
dθ
2π
F s2
(
e−mR cosh θ − e−2mR cosh θ)+
1
2
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+cosh θ2) +O
(
e−3mR
)
(5.12)
Note that the two proposals oinide with eah other to this order, whih was already
noted in [33℄. However, this is not the ase in the next order. Expanding (5.11) results in
1
6
∫
dθ1
2π
dθ2
2π
dθ3
2π
F s6 (θ1, θ2, θ3)e
−mR(cosh θ1+cosh θ2+cosh θ3)
−
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+2 cosh θ2) +
∫
dθ1
2π
F s2 e
−3mR cosh θ1
(5.13)
It an be seen that the two proposals dier at this order (the last term of (5.10) is missing
from (5.13)), whih was already noted by Mussardo using a toy model in [34℄, but the
omputation presented above is model independent and shows the general form of the
disrepany.
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5.2 Low-temperature expansion for the one-point fun-
tion
We now evaluate the nite temperature expetations value in a nite, but large volume
L:
〈O〉RL =
TrL
(
e−RHLO)
TrL (e−RHL)
(5.14)
where HL is the nite volume Hamiltonian, and TrL means that the trae is now taken
over the nite volume Hilbert spae. For later onveniene we introdue a new notation:
|θ1, . . . , θn〉L = |{I1, . . . , In}〉L
where θ1, . . . , θn solve the Bethe-Yang equations for n partiles with quantum numbers
I1, . . . , In at the given volume L. We an develop the low temperature expansion of (5.14)
in powers of e−mR using
TrL
(
e−RHLO) = 〈O〉L +∑
θ(1)
e−mR cosh θ
(1)〈θ(1)|O|θ(1)〉L
+
1
2
∑
θ
(2)
1 ,θ
(2)
2
′
e−mR(cosh θ
(2)
1 +cosh θ
(2)
2 )〈θ(2)1 , θ(2)2 |O|θ(2)1 , θ(2)2 〉L +
+
1
6
∑
θ
(3)
1 ,θ
(3)
2 ,θ
(3)
3
′
e−mR(cosh θ
(3)
1 +cosh θ
(3)
2 +cosh θ
(3)
3 )〈θ(3)1 , θ(3)2 , θ(3)3 |O|θ(3)1 , θ(3)2 , θ(3)3 〉L
+O(e−4mR) (5.15)
and
TrL
(
e−RHL
)
= 1 +
∑
θ(1)
e−mR cosh(θ
(1)) +
1
2
∑
θ
(2)
1 ,θ
(2)
2
′
e−mR(cosh(θ
(2)
1 )+cosh(θ
(2)
2 ))
+
1
6
∑
θ
(3)
1 ,θ
(3)
2 ,θ
(3)
3
′
e−mR(cosh θ
(3)
1 +cosh θ
(3)
2 +cosh θ
(3)
3 ) +O(e−4mR) (5.16)
The denominator of (5.14) an then be easily expanded:
1
TrL (e−RHL)
= 1−
∑
θ(1)
e−mR cosh θ
(1)
+
(∑
θ(1)
e−mR cosh θ
(1)
)2
− 1
2
∑
θ
(2)
1 ,θ
(2)
2
′
e−mR(cosh θ
(2)
1 +cosh θ
(2)
2 )
−
(∑
θ(1)
e−mR cosh θ
(1)
)3
+
(∑
θ(1)
e−mR cosh θ
(1)
) ∑
θ
(2)
1 ,θ
(2)
2
′
e−mR(cosh θ
(2)
1 +cosh θ
(2)
2 )
−1
6
∑
θ
(3)
1 ,θ
(3)
2 ,θ
(3)
3
′
e−mR(cosh θ
(3)
1 +cosh θ
(3)
2 +cosh θ
(3)
3 ) +O(e−4mR) (5.17)
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The primes in the multi-partile sums serve as a reminder that there exist only states for
whih all quantum numbers are distint. Sine we assumed that there is a single partile
speies, this means that terms in whih any two of the rapidities oinide are exluded. All
n-partile terms in (5.15) and (5.16) have a 1/n! pre-fator whih takes into aount that
dierent ordering of the same rapidities give the same state; as the expansion ontains
only diagonal matrix elements, phases resulting from reordering the partiles anel. The
upper indies of the rapidity variables indiate the number of partiles in the original nite
volume states; this is going to be handy when replaing the disrete sums with integrals
sine it keeps trak of whih multi-partile state density is relevant.
We also need an extension of the nite volume matrix elements to rapidities that are
not neessarily solutions of the appropriate Bethe-Yang equations. The required analyti
ontinuation is simply given by eqn. (2.36)
〈θ1, . . . , θn|O|θ1, . . . , θn〉L = 1
ρn(θ1, . . . , θn)L
∑
A⊂{1,2,...n}
F s2|A|({θi}i∈A)ρn−|A|({θi}i/∈A)L+O(e−µL)
(5.18)
where we made expliit the volume dependene of the n-partile density fators. The last
term serves as a reminder that this presription only denes the form fator to all orders
in 1/L (i.e. up to residual nite size orretions), but this is suient to perform the
omputations in the sequel.
Using the leading behavior of the n-partile state density, ontributions from the n-
partile setor sale as Ln, and for the series expansions (5.15), (5.16) and (5.17) it is
neessary that mL≪ emR. However if mR is big enough there remains a large interval
1≪ mL≪ emR
where the expansions are expeted to be valid. After substituting these expansions into
(5.14) we will nd order by order that the leading term of the net result is O(L0), and the
orretions sale as negative powers of L. Therefore in (5.14) we an ontinue analytially
to large L and take the L→∞ limit.
It is an interesting question why this limit exists, or to be more preise, why do form
fators with low number of partiles determine the leading terms of the low-temperature
expansion. As a matter of fat, the partile density N/L has a non-vanishing L→∞ limit,
the thermal average is therefore dominated by thermodynami ongurations where the
partile number grows proportional with the volume. However, the leading ontributions
ome from disonneted terms and they still involve form fators with a low number of
partiles, as it was pointed out in [115℄.
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5.2.1 Corretions of order e−mR
Substituting the appropriate terms from (5.17) and (5.15) into (5.14) gives the result
〈O〉RL = 〈O〉L +
∑
θ(1)
e−mR cosh θ
(1) (〈θ(1)|O|θ(1)〉L − 〈O〉L)+O(e−2mR)
Taking the L→∞ limit one an replae the summation with an integral over the states
in the rapidity spae: ∑
i
→
∫
dθ
2π
ρ1(θ)
and using (2.32) we an write
ρ1(θ) (〈θ|O|θ〉L − 〈O〉L) = F s2 +O(e−µL) (5.19)
so we obtain
〈O〉R = 〈O〉+
∫
dθ
2π
F s2 e
−mR cosh θ +O(e−2mR)
whih oinides with eqn. (5.9) to this order.
5.2.2 Corretions of order e−2mR
Substituting again the appropriate terms from (5.17) and (5.15) into (5.14) gives the
result
〈O〉RL = 〈O〉L +
∑
θ(1)
e−mR cosh θ
(1) (〈θ(1)|O|θ(1)〉L − 〈O〉L)
−

∑
θ
(1)
1
e−mR cosh θ
(1)
1



∑
θ
(1)
2
e−mR cosh θ
(1)
2
(
〈θ(1)2 |O|θ(1)2 〉L − 〈O〉L
)
+
1
2
∑
θ
(2)
1 ,θ
(2)
2
′
e−mR(cosh θ
(2)
1 +cosh θ
(2)
2 )
(
〈θ(2)1 , θ(2)2 |O|θ(2)1 , θ(2)2 〉L − 〈O〉L
)
+O(e−3mR)
The O(e−2mR) terms an be rearranged as follows. We add and subtrat a term to remove
the onstraint from the two-partile sum:
+
1
2
∑
θ
(2)
1 ,θ
(2)
2
e−mR(cosh θ
(2)
1 +cosh θ
(2)
2 )
(
〈θ(2)1 , θ(2)2 |O|θ(2)1 , θ(2)2 〉L − 〈O〉L
)
−1
2
∑
θ
(2)
1 =θ
(2)
2
e−2mR cosh θ
(2)
1
(
〈θ(2)1 , θ(2)1 |O|θ(2)1 , θ(2)1 〉L − 〈O〉L
)
−1
2
∑
θ
(1)
1
∑
θ
(1)
2
e−mR(cosh θ
(1)
1 +cosh θ
(1)
2 )
(
〈θ(1)1 |O|θ(1)1 〉L + 〈θ(1)2 |O|θ(1)2 〉L − 2〈O〉L
)
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The θ
(2)
1 = θ
(2)
2 terms orrespond to insertion of some spurious two-partile states with
equal Bethe quantum numbers for the two partiles (I1 = I2). The two-partile Bethe-
Yang equations in this ase degenerates to the one-partile ase (as disussed before, the
matrix elements an be dened for these states without any problems sine we have
the analyti formula (5.18) valid to any order in 1/L). This also means that the density
relevant to the diagonal two-partile sum is ρ1 and so for large L we an substitute the
sums with the following integrals∑
θ
(1)
1,2
→
∫
dθ1,2
2π
ρ1(θ1,2) ,
∑
θ
(2)
1 =θ
(2)
2
→
∫
dθ
2π
ρ1(θ) ,
∑
θ
(2)
1 ,θ
(2)
2
→
∫
dθ1
2π
dθ2
2π
ρ2(θ1., θ2)
Let us express the nite volume matrix elements in terms of form fators using (2.32) and
(2.33):
ρ2(θ1, θ2)
(
〈θ(2)1 , θ(2)2 |O|θ(2)1 , θ(2)2 〉L − 〈O〉L
)
−ρ1 (θ1) ρ1 (θ2) (〈θ1|O|θ1〉L + 〈θ2|O|θ2〉L − 2〈O〉L) = F s4 (θ1, θ2) +O(e−µL)
Combining the above relation with (5.19), we also have
〈θ, θ|O|θ, θ〉L − 〈O〉L = 2ρ1 (θ)
ρ2(θ, θ)
F s2 +O(e
−µL)
where we used that F s4 (θ, θ) = 0, whih is just the exlusion property mention after eqn.
(2.35). Note that
ρ1(θ)
2
ρ2(θ, θ)
= 1 +O(L−1)
and therefore in the limit L→∞ we obtain
−
∫
dθ
2π
e−2mR cosh θF s2 +
1
2
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+cosh θ2)
whih is equal to the relevant ontributions in the LeClair-Mussardo expansion (5.9).
5.2.3 Corretions of order e−3mR
In order to shorten the presentation, we introdue some further onvenient notations:
Ei = m cosh θi
〈θ1, . . . , θn|O|θ1, . . . , θn〉L = 〈1 . . . n|O|1 . . . n〉L
ρn(θ1, . . . , θn) = ρ(1 . . . n)
Summations will be shortened to ∑
θ1...θn
→
∑
1...n∑
θ1...θn
′ →
∑
1...n
′
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Given these notations, we now multiply (5.15) with (5.17) and ollet the third order
orretion terms:
1
6
∑
123
′
e−R(E1+E2+E3) (〈123|O|123〉L − 〈O〉L)
−
(∑
1
e−RE1
)
1
2
∑
23
′
e−R(E2+E3) (〈23|O|23〉L − 〈O〉L)
+
{(∑
1
e−RE1
)(∑
2
e−RE2
)
− 1
2
∑
12
′
e−R(E1+E2)
}(∑
3
e−RE3
)
(〈3|O|3〉L − 〈O〉L)
To keep trae of the state densities, we avoid ombining rapidity sums. Now we replae
the onstrained summations by free sums with the diagonal ontributions subtrated:∑
12
′
=
∑
12
−
∑
1=2∑
123
′
=
∑
123
−
(∑
1=2,3
+
∑
2=3,1
+
∑
1=3,2
)
+ 2
∑
1=2=3
where the diagonal ontributions are labeled to show whih diagonal it sums over, but
otherwise the given sum is free, e.g. ∑
1=2,3
shows a summation over all triplets θ
(3)
1 , θ
(3)
2 , θ
(3)
3 where θ
(3)
1 = θ
(3)
2 and θ
(3)
3 runs free (it
an also be equal with the other two). We also make use of the notation
F (12 . . . n) = F s2n(θ1, . . . , θn)
so the neessary matrix elements an be written in the form
ρ(123) (〈123|O|123〉L − 〈O〉L) = F (123) + ρ(1)F (23) + · · ·+ ρ(12)F (3) + . . .
ρ(122) (〈122|O|122〉L − 〈O〉L) = 2ρ(2)F (12) + 2ρ(12)F (3) + ρ(22)F (1)
ρ(111) (〈111|O|111〉L − 〈O〉L) = 3ρ(111)F (1)
ρ(12) (〈12|O|12〉L − 〈O〉L) = F (12) + ρ(1)F (2) + ρ(2)F (1)
ρ(11) (〈11|O|11〉L − 〈O〉L) = 2ρ(1)F (1)
ρ(1) (〈1|O|1〉L − 〈O〉L) = F (1) (5.20)
where we used that F and ρ are entirely symmetri in all their arguments, and the ellipsis
in the the rst line denote two plus two terms of the same form, but with dierent
partitioning of the rapidities, whih an be obtained by yli permutation from those
displayed. We also used the exlusion property mentioned after eqn. (2.35).
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We an now proeed by olleting terms aording to the number of free rapidity
variables. The terms ontaining threefold summation are
1
6
∑
123
e−R(E1+E2+E3) (〈123|O|123〉L − 〈O〉L)− 1
2
∑
1
∑
2,3
(〈23|O|23〉L − 〈O〉L)
+
(∑
1
∑
2
∑
3
−1
2
∑
1,2
∑
3
)
(〈3|O|3〉L − 〈O〉L)
Replaing the sums with integrals∑
1
→
∫
dθ1
2π
ρ(1)
∑
1,2
→
∫
dθ1
2π
dθ2
2π
ρ(12)
∑
1,2,3
→
∫
dθ1
2π
dθ2
2π
dθ3
2π
ρ(123)
and using (5.20) we get
1
6
∫
dθ1
2π
dθ2
2π
dθ3
2π
e−R(E1+E2+E3) (F (123) + 3ρ(1)F (23) + 3ρ(12)F (3))
− 1
2
∫
dθ1
2π
dθ2
2π
dθ3
2π
e−R(E1+E2+E3) (ρ(1)F (23) + 2ρ(1)ρ(2)F (3))
+
∫
dθ1
2π
dθ2
2π
dθ3
2π
e−R(E1+E2+E3)
(
ρ(1)ρ(2)F (3)− 1
2
ρ(12)F (3)
)
where we reshued some of the integration variables. Note that all terms anel exept
the one ontaining F (123) and writing it bak to its usual form we obtain
1
6
∫
dθ1
2π
dθ2
2π
dθ3
2π
F s6 (θ1, θ2, θ3)e
−mR(cosh θ1+cosh θ2+cosh θ3)
(5.21)
It is also easy to deal with terms ontaining a single integral. The only term of this form
is
1
3
∑
1=2=3
e−R(E1+E2+E3) (〈123|O|123〉L − 〈O〉L)
When all rapidities θ
(3)
1 , θ
(3)
2 , θ
(3)
3 are equal, the three-partile Bethe-Yang equations redue
to the one-partile ase
mL sinh θ
(3)
1 = 2πI1
Therefore the relevant state density is that of the one-partile state:
1
3
∫
dθ1
2π
e−3RE1ρ(1) (〈111|O|111〉L − 〈O〉L) =
∫
dθ1
2π
e−3RE1ρ(1)
ρ(11)
ρ(111)
F (1)
→
∫
dθ1
2π
e−3mR cosh θ1F s2 (5.22)
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where we used that
ρ(1)
ρ(11)
ρ(111)
→ 1
when L→∞.
The alulation of double integral terms is muh more involved. We need to onsider
−1
6
(∑
1=2,3
+
∑
1=3,2
+
∑
2=3,1
)
e−R(E1+E2+E3) (〈123|O|123〉L − 〈O〉L)
+
1
2
∑
1
∑
2=3
e−R(E1+E2+E3) (〈23|O|23〉L − 〈O〉L)
+
1
2
∑
1=2
∑
3
e−R(E1+E2+E3) (〈3|O|3〉L − 〈O〉L) (5.23)
We need the density of partially degenerate three-partile states. The relevant Bethe-Yang
equations are
mL sinh θ1 + δ(θ1 − θ2) = 2πI1
mL sinh θ2 + 2δ(θ2 − θ1) = 2πI2
where we supposed that the rst and the third partiles are degenerate (i.e. I3 = I1),
and used a onvention for the phase-shift and the quantum numbers where δ(0) = 0. The
density of these degenerate states is then given by
ρ¯(13, 2) = det
(
LE1 + ϕ(θ1 − θ2) −ϕ(θ1 − θ2)
−2ϕ(θ1 − θ2) LE2 + 2ϕ(θ1 − θ2)
)
where we used that ϕ(θ) = ϕ(−θ). Using the above result and substituting integrals for
the sums, we an rewrite eqn. (5.23) in the form
−1
6
∫
dθ1
2π
dθ2
2π
e−R(2E1+E2)
ρ¯(13, 2)
ρ(112)
(2ρ(1)F (12) + 2ρ(12)F (1) + ρ(11)F (2)) + . . .
+
1
2
∫
dθ1
2π
dθ2
2π
e−R(E1+2E2)ρ(1)ρ(2)
2ρ(2)
ρ(22)
F (2)
+
1
2
∫
dθ1
2π
dθ3
2π
e−R(2E1+E3)ρ(1)ρ(3)
1
ρ(3)
F (3)
where the ellipsis denote two terms that an be obtained by ylial permutation of the
indies 1, 2, 3 from the one that is expliitly displayed, and these three ontributions an
be shown to be equal to eah other by relabeling the integration variables:
−1
2
∫
dθ1
2π
dθ2
2π
e−R(2E1+E2)
ρ¯(13, 2)
ρ(112)
(2ρ(1)F (12) + 2ρ(12)F (1) + ρ(11)F (2))
+
1
2
∫
dθ1
2π
dθ2
2π
e−R(E1+2E2)ρ(1)ρ(2)
2ρ(2)
ρ(22)
F (2)
+
1
2
∫
dθ1
2π
dθ3
2π
e−R(2E1+E3)ρ(1)ρ(3)
1
ρ(3)
F (3) (5.24)
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We rst evaluate the terms ontaining F (23) whih results in
−
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+2 cosh θ2)
(5.25)
using that
ρ¯(13, 2)
ρ(112)
ρ(1) = 1 +O(L−1)
We an now treat the terms ontaining the amplitude F (1) = F (2) = F (3) = F s2 .
Exhanging the variables θ1 ↔ θ2 in the seond line and redening θ3 → θ2 in the third
line of eqn. (5.24) results in
F s2
2
∫
dθ1
2π
dθ2
2π
e−R(2E1+E2)
{
− ρ¯(13, 2)
ρ(112)
(2ρ(12) + ρ(11)) +
2ρ(1)2ρ(2)
ρ(11)
+ ρ(1)
}
The ombination of the various densities in this expression requires speial are. From the
large L asymptotis
ρ(i) ∼ EiL , ρ(ij) ∼ EiEjL2 , ρ(ijk) ∼ EiEjEkL3 , ρ¯(13, 2) ∼ E1E2L2
it naively sales with L. However, it an be easily veried that the oeient of the leading
term, whih is linear in L, is exatly zero. Without this, the large L limit would not make
sense, so this is rather reassuring. We an then alulate the sub-leading term, whih
requires tedious but elementary manipulations. The end result turns out to be extremely
simple
− ρ¯(13, 2)
ρ(112)
(2ρ(12) + ρ(11)) +
2ρ(1)2ρ(2)
ρ(11)
+ ρ(1) = −ϕ(θ1 − θ2) +O(L−1) (5.26)
so the ontribution in the L→∞ limit turns out to be just
− 1
2
∫
dθ1
2π
dθ2
2π
F s2ϕ(θ1 − θ2)e−mR(2 cosh θ1+cosh θ2) (5.27)
Summing up the ontributions (5.21), (5.22), (5.25) and (5.27) we obtain
1
6
∫
dθ1
2π
dθ2
2π
dθ3
2π
F s6 (θ1, θ2, θ3)e
−mR(cosh θ1+cosh θ2+cosh θ3)
−
∫
dθ1
2π
dθ2
2π
F s4 (θ1, θ2)e
−mR(cosh θ1+2 cosh θ2) +
∫
dθ1
2π
F s2 e
−3mR cosh θ1
−1
2
∫
dθ1
2π
dθ2
2π
F s2ϕ(θ1 − θ2)e−mR(cosh θ1+2 cosh θ2) (5.28)
whih agrees exatly with eqn. (5.10).
This result gives an independent support for the LeClair-Mussardo expansion. The
alulation is model independent, and although we only worked it out to order e−3mR,
it is expeted that it oinides with the LeClair-Mussardo expansion to all orders. For a
omplete proof we need a better understanding of its struture, whih is out of the sope
of the present work.
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5.3 Low-temperature expansion for the two-point fun-
tion
The method presented in the previous setion has a straightforward extension to higher
point orrelation funtions. For example, a two-point orrelation funtion
〈O1(x, t)O2(0)〉RL =
TrL
(
e−RHLO1(x, t)O2(0)
)
TrL (e−RHL)
an be expanded inserting two omplete sets of states
TrL
(
e−RHLO1(x, t)O2(0)
)
=
∑
m,n
e−REn(L)〈n|O(x, t)1|m〉L〈m|O2(0)|n〉L (5.29)
The above expression an be evaluated along the lines presented in the previous setion,
provided that the intermediate state sums are properly trunated. The expliit evaluation
of expansion (5.29) has not yet been arried out. As a rst step, here we investigate the
simplest terms and alulate the rst nontrivial ontribution; the systemati evaluation of
higher order terms is left for further work. We wish to remark, that the material presented
in this setion is unpublished.
We dene
〈O1(x, t)O2(0)〉RL =
1
Z
∑
N,M
INM (5.30)
where
INM =
∑
I1...IN
∑
J1...JM
〈{I1 . . . IN}|O1(0)|{J1 . . . JM}〉L ×
〈{J1 . . . JM}|O2(0)|{I1 . . . IN}〉Lei(P1−P2)xe−E1(R−t)e−E2t (5.31)
and E1,2 and P1,2 are the total energies and momenta of the multi-partile states.
It is easy to see, that the terms N = 0,M = 0 . . .∞ and N = 0 . . .∞,M = 0 add up
to zero-temperature orrelation funtions
∞∑
M=0
I0M = 〈O1(x, t)O2(0)〉L
∞∑
N=0
IN0 = 〈O1(x,R− t)O2(0)〉L
The rst nontrivial term is therefore I11, whih is given by
I11 =
∑
I,J
〈{I}|O1(0)|{J}〉L 〈{J}|O2(0)|{I}〉L ei(p1−p2)xe−E1(R−t)e−E2t (5.32)
where now E1,2 = m cosh(θ1,2) and p1,2 = m sinh(θ1,2) are nite size one-partile energies
and momenta. Upon (2.18) and (2.32) the two-partile matrix elements are given by
〈{I}|O1(0)|{J}〉L =
FO12 (θ1 + iπ, θ2)√
ρ1(θ1)ρ1(θ2)
+ δIJ 〈O1〉
〈{J}|O2(0)|{I}〉L =
FO22 (θ2 + iπ, θ1)√
ρ1(θ1)ρ1(θ2)
+ δIJ 〈O2〉
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Substituting the above formulas into (5.32) one obtains
I11 =
∑
I,J
FO12 (θ1 + iπ, θ2)F
O2
2 (θ2 + iπ, θ1)
ρ1(θ1)ρ1(θ2)
ei(p1−p2)xe−E1(R−t)e−E2t
+ 〈O1〉
∑
J
FO22 (θ2 + iπ, θ2)
ρ1(θ2)
e−E2R + 〈O2〉
∑
J
FO12 (θ1 + iπ, θ1)
ρ1(θ1)
e−E1R
+
∑
I
〈O1〉 〈O2〉 e−E1R (5.33)
The rst term in (5.33) an be transformed in the L → ∞ limit into the well-dened
(singularity free) double integral∫
dθ1
2π
dθ2
2π
FO12 (θ1 + iπ, θ2)F
O2
2 (θ2 + iπ, θ1)e
i(sinh(θ1)−sinh(θ2))mxe−m(R−t) cosh(θ1)−mt cosh(θ2)
(5.34)
In the seond and third terms of (5.33) one an reognize the rst thermal orretions to
the expetation values of O2 and O1, as given by (5.19). The last term is of O(L) and
thus divergent; however, it gets aneled by the O(L) term oming from the expansion
1/Z = 1−
∑
I
e−E1R +O(e−2mR)
Putting everything together
〈O1(x, t)O2(0)〉R = 〈O1〉R 〈O2〉R +
+
(〈O1(x, t)O2(0)〉 − 〈O1〉 〈O2〉 )+ (〈O1(x,R− t)O2(0)〉 − 〈O1〉 〈O2〉 ) (5.35)
+
∫
dθ1
2π
dθ2
2π
FO12 (θ1 + iπ, θ2)F
O2
2 (θ2 + iπ, θ1)e
i(sinh(θ1)−sinh(θ2))mxe−m(R−t) cosh(θ1)−mt cosh(θ2)
+O(e−2mR)
Equation (5.35) is a new result of this work and it an serve as a starting point to
alulate higher order terms.
1
5.3.1 Comparison with the LeClair-Mussardo proposal
Based on the TBA approah LeClair and Mussardo proposed the following formula
for the thermal two-point funtion (equation (3.3) in [30℄)
〈O(x, t)O(0, 0)〉R = ( 〈O〉R )2 + ∞∑
N=1
1
N !
∑
σi=±1
∫
dθ1
2π
. . .
dθN
2π
[
N∏
j=1
fσj (θj) exp
(
− σj(tεj + ixkj)
)]
×∣∣〈0|O|θ1 . . . θN 〉σ1...σN ∣∣2 (5.36)
1
We wish to note, that similar tehniques are used in a reent work [116℄ whih appeared after the
ompletion of this thesis. In addition to the results above, the regularized nite ontributions of I12 and
I21 are also determined in [116℄.
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where fσj (θj) = 1/(1+e
−σjε(θj)), εj = ε(θj)/R and kj = k(θj) with ε(θ) being the solution
of the TBA equations (5.6) and k(θ) given by
k(θ) = m sinh(θ) +
∫
dθ′δ(θ − θ′)ρ1(θ′)
2πρ1(θ)(1 + e
ε(θ)) = m cosh(θ) +
∫
dθ′ϕ(θ − θ′)ρ1(θ′)
The form fators appearing in (5.36) are dened by
〈0|O|θ1 . . . θN〉σ1...σN = FON (θ1 − iπσ˜1, . . . , θN − iπσ˜N ) σ˜j = (1− σj)/2 ∈ {0, 1}
We do not attempt here a thorough analysis of (5.36); nevertheless we wish to point
out, that to order O(e−mR) it oinides with our result (5.35). The double integral (5.34)
is given for example by the N = 2, σ1,2 = (+1,−1) term in (5.36) after one substitutes
the 0th-order approximations
ε(θ) = mR cosh(θ) +O(e−mR) k(θ) = m sinh(θ) +O(e−mR)
The validity of the LeClair-Mussardo proposal was doubted by two dierent authors
[31, 35℄. We did not nd a disrepany at order O(e−mR); it is a subjet of future researh
to deide whether all terms in our low-temperature expansion are properly reprodued by
(5.36).
128 CHAPTER 5. CORRELATION FUNCTIONS AT FINITE TEMPERATURE
Chapter 6
Conlusions
In this thesis we investigated nite size eets in 1+1 dimensional integrable quantum
eld theories; we onsidered massive integrable models with diagonal sattering. There
were two main subjets of interest: nite volume form fators of loal operators and nite
size eets to orrelation funtions.
In the rst main part of the work we gave a desription of nite volume form fators
in terms of the innite volume form fators (solutions of the form fator bootstrap) and
the S-matrix of the theory.
First we ompared the spetral representation of orrelation funtions in an innite
system and in a nite volume L. We showed that the matrix elements in nite volume
essentially oinide with the innite volume form fators up to a nontrivial normalization
fator, whih is related to the partile densities of the nite volume spetrum. We showed,
that our results apture all nite size orretions whih sale as powers of 1/L. We also
showed that the residual nite size eets are of order e−µL with µ a universal harateristi
mass sale of the theory, whih does not depend on the partiular form fator in question.
As a seond step, we onjetured a formula for generi matrix elements without dis-
onneted piees. Together with the elementary ase this is a new result of the author,
although it an be onsidered as a generalization of partial results whih appeared in
[8℄ and independently in [52, 112℄. Disonneted terms our if there is a partile with a
given rapidity, whih present in both the bra and the ket vetor. We showed that in
nite volume this only happens in the ase of diagonal form fators and matrix elements
of parity-symmetri states inluding zero-momentum partiles.
The diagonal matrix elements require speial are beause of the presene of various
disonneted terms and the ambiguity of the innite volume diagonal form fators. We
used form fator perturbation theory to derive the rst two ases (diagonal matrix el-
ements of one-partile and two-partile states) in terms of the symmetri evaluation of
the innite volume diagonal form fators. Based on this result, we onjetured a general
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formula, whih we expressed with both the symmetri and onneted evaluations. The
latter expression was used to prove that our result oinides with a onjeture made inde-
pendently by Saleur in [31℄. The rigorous proofs onerning the two simplest ases (eqs.
(2.32) and (2.33)) are new results of the author, together with the determination of the
general relation between the symmetri and the onneted form fators (Theorem 1).
To omplete the desription of nite volume matrix elements we also onjetured
a formula for the ase of states with zero-momentum partiles. The most general result
onerns situations with possibly more than one zero-momentum partiles present in both
states; this only ours in theories with multiple partile speies. In [117℄ we published the
result for theories with only one partile type; the generalization (2.54) is an unpublished
result of this work.
Following the analyti study, in setion 3 we turned to numerial methods to onrm
our results and onjetures. We investigated the massive Lee-Yang model and the ritial
Ising model in a magneti eld and onsidered form fators of the perturbing eld, and
the energy operator, respetively. We used TCSA as a numerial tool to obtain nite
volume spetra and form fators. First we identied nite volume states at dierent values
of the volume L: we mathed the numerial data with preditions of the Bethe-Yang
equations. We then alulated the nite volume form fators and ompared them to
our analyti formulas (the innite volume form fators were already available in both
models). In all ases (inluding form fators with disonneted piees) we observed a
satisfatory agreement in the saling region, where both the residual nite size eets and
the trunation errors are negligible.
We stress that our numerial investigation not only onrms our results about ma-
trix elements in nite volume, but it is also the rst diret test of the innite volume
form fators. These funtions are obtained by solving the form fator axioms of the boot-
strap program and then seleting the solutions with the desired symmetry and saling
properties. Although the identiation of sattering theories as perturbed onformal eld
theories is well-established, there were only a few diret tests of the individual form fator
funtions prior to our work; the usual tests in the literature proeed through evaluation
of orrelation funtions, sum-rules, et. In this work, on the other hand, we diretly om-
pared the form fator funtions at dierent values of the rapidity parameters to TCSA
data, thus providing evidene for the appliability of the bootstrap approah to form
fators.
In the ase of the Ising model we observed that in some situations there is no sal-
ing region, ie. the residual nite size orretions remain relevant even in large volumes,
whih are out of the reah of our TCSA routines. The large exponential orretions were
explained by the presene of a µ-term with a small exponent. These ndings served as
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a motivation for setion 4, where we investigated the µ-terms assoiated to nite size
energies and nite volume form fators.
It is well-known that the µ-term is always onneted with the inner struture of the
partiles, ie. their omposition under the bootstrap proedure. We applied a simple quan-
tum mehanial piture of bound state quantization in nite volume: the momenta of
the onstituents take omplex values but they are still determined by the analytial on-
tinuation of the Bethe-Yang equations. We showed that if this priniple is implemented
properly, the µ-term an always be obtained by analytially ontinuing the usual formulas
to the omplex rapidities of the onstituents. Moreover it was shown, that in some irum-
stanes it is possible for the onstituents of a bound state to unbind. This phenomenon
was demonstrated numerially in ase of the Ising model, where moving A3 states with
odd momentum quantum numbers dissoiate in small volume into onventional A1A1
sattering states.
In the seond part of the work (setion 5) we investigated nite temperature orretions
to vauum expetation values and orrelation funtions. We introdued nite volume
as a regulator of the otherwise ill-dened Boltzmann sum and established the spetral
representation of n-point funtions in terms of the nite volume form fators. We showed
that it is possible to derive a systemati low temperature expansion with a well-dened
L→∞ limit.
In the ase of the one-point funtion we alulated the rst three nontrivial terms and
found omplete agreement with the LeClair-Mussardo approah. It was pointed out, that
the Delno proposal diers from the LeClair-Mussardo formula exatly at this order; the
disrepany is easily explained in light of our results. Any evaluation sheme of thermal
averages based on a spetral representation has to deal with innities, whih are intro-
dued by disonneted terms of the form fators and by dierent ontributions to the
partition funtion itself. These innities anel as expeted, however a well-dened regu-
larization proedure is needed to obtain the left-over nite piees. This point was missed
in the proposals prior to our work. The LeClair-Mussardo formula is believed to be orret
to all orders, however a general proof (possibly based on a re-summation sheme of our
low-temperature expansion) is not available.
In our alulations the volume L served as a uto to regulate the divergent dison-
neted ontributions. Those terms in the low-temperature expansion whih sale with
positive powers of L add up to zero, as it is neessary to obtain a meaningful result. We
stress that in order to obtain the orret O(1) terms it was ruial to use the interating
densities ρ(n), whih dier from the free-theory densities by sub-leading terms.
In this work we also onsidered the two-point funtion. We only alulated the rst
non-trivial term, whih is a new (unpublished) result of this work. Our leading-order
alulation showed agreement with the LeClair-Mussardo approah. A study of higher
132 CHAPTER 6. CONCLUSIONS
order terms is left for future work, whih will hopefully shed more light on the validity of
the LeClair-Mussardo proposal.
There are several diretions to generalize our results on nite volume form fators.
The extension to boundary eld theories has already been established [118℄ together
with the evaluation of nite temperature expetation values of boundary operators [119℄.
The generalization to non-diagonal sattering theories would be desirable, sine these
theories (for example the O(3) σ-model) serve as eetive eld theories desribing long-
range interations is real-word ondensed matter systems (Heisenberg spin hains, et.).
We expet that the priniples laid out in this work (nite volume matrix elements and
innite volume form fators onneted by a density fator) arry over to the non-diagonal
ase. However, non-diagonal sattering poses tehnial diulties. One one hand, the
quantization of sattering states in nite volume is more ompliated, sine it involves a
diagonalization of the transfer matrix. On the other hand, innite volume form fators
(deomposed into the dierent hannels of the sattering) are also more diult to obtain.
It is an interesting question whether some of our results an be extended to massless
sattering theories. These models an be used to study renormalization group ows with
a nontrivial onformal IR xed point [75, 76, 120℄. Although the form fator bootstrap for
massless theories has already been established [120, 121℄, it is not lear what happens in a
nite volume. In the absene of a mass-gap one does not have ontrol over residual nite
size eets, whih deay exponentially in a massive theory. The situation is even worse
in the ase of thermal expetation values and orrelation funtions: there is no suitable
variable (suh as e−mR in a massive theory) to perform a low-temperature expansion.
Finally we would like to remark that an exat desription of nite volume form fators
would be desirable, sine they ould be used to alulate orrelations at nite temper-
ature in a dierent way, than the one presented in this work. Instead of dealing with a
theory dened in innite volume and nite temporal extent R = 1/T one an perform
an Eulidean rotation (τ, x) → (−x, τ) to deal with a zero-temperature system dened
in a nite volume R. Thermal orretions then beome nite size orretions whih an
be readily alulated by a onventional zero-temperature form fator expansion. Obvi-
ously one needs the exat nite volume form fators in this approah: the summation over
form fators not inluding the exponential orretions only reprodues the innite volume
orrelation funtions.
As far as we know, the only exat results available onern the form fators of the order
and disorder operators in Ising model with zero magneti eld [43, 44, 45℄. However,
these alulations are rather model-spei and it is not lear at all how to approah
more ompliated (interating) models. A TBA-like integral equation similar to the one
desribing exited state energies [25℄ would be desirable; however, it is not lear how to
solve this problem.
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